Topologie

X multime; 1< 0 (X)

(T1) Det; Xet

(T2) V(M) <t = UMjet

(T3) V(M) cr, finitd = NMjet

M deschisa <> Met

Topologia discreta si indiscreta

Tdis:= §2 (X); Tindis:={, X}

Topologia uzuala pe K< {R,C}

B(xo,10)={xeK | [x-Xo|<ro}

T,={McK | VxeM Ir>0 : B(x,r)cM}

Multimi inchise

(X,7) sp.t.; McX inchisa<=<>CyXet; 1= {MeX | CuXet}; 1€ 0 (X)
P.1.1 Proprietatile t

(z1) Dez; Xez

(2) V(M) <t = "Miex

(z3) V(M) cr, finita = UMjex

Vecinatate

(X,7) sp.t.; Mx)={VX|IMeT: xeMcV}

V e M(x) vecinatate a lui x

Interiorul, inchiderea si densitatea unei multimi
IntA=A={xeA | Ae V(x)}; clA=A={xeX | VV e X)=VNA#D}
AcBcX densa in B << BcclA; A densa in X < clA=X;
(?7) 1={clA, AcX}U{D}

Spatii separate Hausdorff

(X,1) s.s.H< (X1) sp.t.; Vx£ye X, IVelx), Ue Ny) : VNU=J;
T.1.2 Proprietatile V(x)

(V1) "x)#J; (V2)VVel(x), xeV

(V3) VVelx), VWX, VEW = Welx)

(V4) Y(V)HMx) finitd = NV;e M(x)

(V5) VVeNx), AW Nx), VyeW = Ve Ny)



P.1.3 Topologie vs. Vecinatati
(X,7) sp.t.; McX; Met < VxeM, Me M(x);
Sistem fundamental de vecinatati U(x) s.f.v. x
(X,7) sp.t.; Ux)< o(X) s.fv.(bazd) a lui x < Ux)ct; UX)SNX);
(Ux)cMx) < VVeNx) UeUx) : UcV);,
P.1.4 Ux) vs. "(x)
Ux) s.fv. x & Nx)={VeX | FUeUx), UV}
T.1.5 Constructia t prin functii de vecinatati
XHD; F: X— o (X)) cu VxeX:
(F1) Fx)#J; (F2) VVeF(x) = xeV
(F3) VVcF(x), VWc 9 (X), VEW = WeF(x)
(F4) V(V)cF(x) finitd = NV;eF(x)
(F5) VVeF(x) IWeF(x) | VyeW = VeF(y)
= 3! rpe X ad. Vx V(x)=F(x); F - functie de vecinatati;
Tr={McX | VxeM = MeF(x)}; tr top. indusd de F pe X;
T.1.6 Constructia t functii de baza (s.f.v.)
XHD; UX— o ( (X)) cu VxeX:
(U1) Ux)#d; (U2) VUeU(x) = xeU
(U3) VU,UxcU(x), JUeUX) : U cUiNU,
(U4) VUeUx)dU'eUx) | VyeU' FU"e U(y) : U"cU
= Il tpe Xali VxeX, Ux)s.f.v.x; U - functie de baze;
F(x):={V=X|3UeU(x) : UcV}; F functia de vecinatati indusa de U
tu={McX| VxeM, FUeU(x): UcM}; 1y top. indusa de U pe X;
Compactitate
Fie (X,tx) sp. t.; A=(A)ics;
(Y, tx[y)2(X,1x); A.ac.Y < YUicAj; ac.=acoperire
A.ac.X < X=UjAj; ac.=acoperire
I finitd<=>A ac. finitd; A;et <> 4 ac. deschisd; Ajet < A4 ac. inchisa;
YcX compact
VA=(Aj)ierac.Y, Act, IB=(B))je;.ac.yY, [J|<Np ai. Vi, 3j, A=B;;
T.1.7 (X,tx) sp.t.; Y&X compactd < (Y,tx]y) compact;
T.1.8 (X,tx) sp.t.; Yerx = Y compactd;
T.1.9 (X,1x) s.s.H.; Y compacta = Yezx;



Obs. Un spatiu discret este compact numai daca este finit;
Spatiu liniar pe Ke {R,C}

(XK, +,) s.l. peste K, unde

X#D; VxyeX,VoeK=>(xty)eX;axeX

cu

(SL1) ¥x,y,zeX (x+y)tz=x+(y+z) (ast)

(SL2) 30xeX : VxeX = x+Ox=x (Ox)

(SL3) VxeX I-xeX : xH(-x)=Ox (-X)

(SL4) Vx,yeX : xty=y+x (comt)

(SL5) vxeX 1-x=x (Ix=1x)

(SL6) Va,BeK,vxeX (af)x=a-(B-x) (as’)

(SL7) Va,peK,vxeX (a+p)x=o-x+p-x (XdisK)
(SL8) VaeK,Vx,ye X a-(x+ty)=a-x+o-y (KdisX)
atunci (X,K,+,) s.l.;

T.2.1 Oxsi—xins.l

XK +,)sl =

(1) 3!0x; VxeX 0-x=0x; VaeK a-Ox=0x;

(2) 3! (x); (0)=-1)x;

Ex.s.1 X=K"=KxKx...xK; (K", K,+,) s.l.
X=(X1,. - - Xm); Y=(Y1- - -»¥m);

X+Hy=(X1+Y1,- . - XmtYm); OUX=(0UX1,. . .,00X);

(K" K,+,) s.1; O"™=(0,...,0); (X)=(X1,. . ., Xm);
Ex.s..2 X=(K)=(K|);>1 siruri; (K),K,+,) s.l.
X=(Xiiz1; YH(Yiiz1; XTy=(Xityi) iz1; 0 X=(0Xi)iz15
Oky=(0)ix1; (X)=(-Xi)iz1

Ex.s.L3 (UK,+,) sl. = F(T,U) s.l.; F(T,K) s.l.
(UK, +,) s.L; T#D; F(T,U)={F | F:T—U} functii,
x,y: T-U; aeK; (xty):T-U, (x+y)(t)=x(t)+y(t);
(ax):T—-U, (ox)(t):=ox(t);

Or—u:T-U, (Or—u)(t):=O0u; (-x): T-U (-x)(t):==x(t);
= (F(T,U),K,+,) s.l;

U=K; T={1,....m} = (K"K, +,) s.L; T=(1)>; = (K),K,+,") s.L;



Operatii cu multimi in s.L.

(XK, +,) 8.1 Mie o (X); aieK;

ouMi+.. FoMy={xeX | Ix;eM; : x=2aiX;}
M+My={xeX | Ix;eM, Ix2eM; : X=X X, }

X Mp={x }*Mpy={xe X | IxxeM; : x=X;+X2}

oM ={xeX | Ix;eM; : x=01;"X; }
M=-IM={xeX | Ix;eM; : x =X}
M-My={xe X | Ix;eM, Ix,eM; : x=X;-X;}
M-M={xeX | 3x,x2eM : x=X|-X»}

Subspatiu liniar, M<X:

(MK +,) < (XK +,) & M#T; Vou,0,eK ayM+a,McM
T.2.2 Caracterizarea s.s.l.

MK +,) < (XK +,) <

(SSL1) M#J

(SSL2) M+McM

(SSL3) VaeK = aMcM

P.2.3 Generalizarea caracterizarii s.s.l.

(MK +,) (XK +,) © M£D; Va,eK = ZosMcM
Ex.s.s.l.

P>0; Li={(x)iz1 € (K) : Zfx{<o0}; (1, K,+,)<((K).K,+,)
(0)el#T; Vau,00eK, V(Xi)1,(Yi)i1 €1, avem:

ot (Xi)iz1ton (i) =(ouXitonyi)ist
louXitonyi|<louxiiHouyi=oul[xiHHonl yi<
<Jou[-max(fxil [y o max(|xi,|yi)

louxitonyiP<(jou o) max(jx{, yi)<
(louaHowl)(xi™HyilPY=(lou o]l +(lou o Plyil”
Zlouxitouyi’<(|ou ol ZlxiH(oulHoa) Zly;
01,06<00; 2, ZlyiP<oo = Zjouxitonyif<oo;

Obs. s.s.L

XK, +,) s.L; MK +,) < (XK A+,) = (MK +,)sL;
invelitoare liniari

XK+, sL; McX;

linM:=N{ScX : (S,K,+,)<(X K, +,), McS};



lin{x}=N{ScX: (S,K,+)<(X K, +,), xeS};

P.2.4 Caracterizarea invelitorii liniare

(IL1) MclinM; (IL2) (linM,K,+,)<(X K, +,);

(IL3) (S,K,+,)<(X K, +,), McS = linMcS(R);
Obs.IL: M=linM < (M,K/+,") < (X,K,+,")

T.2.5 Constructia (reprezentarea) invelitorii liniare
XK+, s.l; McX;

linM={xeX | JoyeK,IxieM : x=Z0ii'x;}; X cmb.lin. M;
Ex. o (o (F(T,K))) topologia convergentei uniforme
F(T,K)={f| £ T-K}; Br(fo,ro)={feF(T,K) : VteT, [f(t)-fo(t)|<to};
UF(T.K)— o (g (F(T.K))); UB={Br(fr), 0<r<cof;

= Ubaza indusa pe F(T,K) (?):

Op:T—K, Op(t)=0;

VteT |Op(t)-Or(t)=0 = IBH(Or,=1)#J = U(f)#J;
YU=Br(£x), {0600 = feBr(£r)y-U;
VU;=B\(f),U;=B:(f;r2) e U(f); U:=B(f;min(r,r2))
min(r;,1)<r,r, = UcU;,U, = UcUiNU,

U=B1(fr); U=B(f;1/2); VyeU' = |y(t)-f(t)|<t/2
U(y)={Br(y.r),0<r<co}; U"=B1(y,1/2)

(?) Brly:/2)Br(£r); 2eBr(y,r/2) = [2(0)-y()]<r/2
[2(®)-FO=2(0-y(O+yO-OI<|2()-y (O Hy (O-f0)

(U4) vUeU(f) FU'eU(®) | VyeU' FU"eU(y) : U'cU
Br(fr)=UeU(f); yeU=B(f1/2) = |y()-f(t)}<r/2;
zeU"=B(y,1/2) = |z(t)-y(t)|<t/2;
[2()-8) 2y Oy (O-ROIS [2()-y OFHy (DK<t =
zeB(fr)=U = U"cU

= Ubaza pe F(T,K) = 3! 1y topologie pe F(T,K) a.i. in (F(T,K),tv),
VxeF(T,K) = Ux) s.f.v. (bazd) a lui x

T.2.6 Ty generata de Br(x,r) pe F(T,K) topologia conv. uniforme
() c F(T,K) — f € F(T,K) < f; conv. absolut la f <
Ve, Fip : Viziy, VteT : [fi(t)-fio(t)|<e

Semimetrica

XA, sm: XxX—R semimetrica pe X <



(SM1) VxeX = sm(x,x)=0

(SM2) Vx,yeX = sm(x,y)=sm(y,X)

(SM3) Vx,y,ze X = sm(X,y)<sm(X,z)+sm(z,y)
Obs.SM 0=d(x,x)<d(x,y)+d(y,x)=2d(x,y) = d(x,y)=0
Metrica

X#D; m:XxX—R metrica pe X <

m semimetrica pe X si (x£y = m(x,y)>0)

Bile determinate de semimetrica

Bsm(Xo,10)={xeX : sm(X,X)<fo}

Ban(Xo,10)={xeX : sm(X,X)<ro}

T.3.1 Topologia generata de o semimetrica

X#D; sm:XxX—R semimetrica pe X;

Tsm={McX | VxeM Fr>0 : By(x,1) =M} top. pe X; (X, Tsm) sp.sm.;
D. @etym; XeTm < VxeX Ir>0 : Byy(x,1)cX <
VxeX Ir>0 {xeX : sm(x,Xo)<ro} =X evident

(T2) Mjetyn = VxeM,; Ir>0 : Ban(x,5)cM;

(7) UMjeTgn < VxeUM; 3r>0 : Byy(x,r)cUM;
xeUM; = Ji: xeMety =

= Jr=1>0 : Bym(x,H)SMicUM; = UM €Ty

(T3) Mjetgn = VxeM; Ir>0 : Byn(X,1)cM,;
(NNMiCTam finitd VxenM; 3r>0 : Byy(x,r)cnM;
xeNM; = xeMjetym = Ir>0 : Bau(x,5)M;;

M,; finitd, ri=min(r;) = Bm(x,r)cM;j = Bam(X,r)cM,;
P.3.2 Bile inchise si deschise in sp. sm.

Tsm={McX | VxeM Fr>0 : By(x,r) M}

Bsm(Xo0,10) €Tsm < VxeB(X0,19) Ir>0 :

Bim(X,1)< Bsm(X0,10); X€B(Xo,r0) = sm(x,Xo)<to;
r:=1o-sm(X,X0)>0; y € Bgm(X,1) = sm(X,y)<trp-sm(X,Xo) =
sm(X,y)+sm(X,Xo)<ro = Sm(Xo,y)<ro = y € Bsm(Xo,10)
Bim(X0,10) € Tsm < CxBsm(X0,10) € Tsm <

Vx € CxBgm(Xo,10) I>0 : Bgn(X,1)< CxBam(Xo,t0)

x € CxBym(Xo0,0) = sm(X,Xo)>To; r:=sm(X,Xo)-10>0

yeBgm(X,r) = sm(X,y)<sm(X,X)-Tp <>



ro<sm(X,Xo)-sm(X,y)<sm(xo,y) = y € CxBsm(Xo,t0)
P.3.3 Proprietatile bilelor vs. vecinatati

(X,sm) sp. sm.; xeX; VcX; uas.e.:

Velx) < Ir>0 : Bx,r)cV < Ir>0 : Bx,r)cV
Velx) < IMeTy, : xeMcV;

Mety, = Vy:=xeM Fr>0 : By(y=x,1)cMcV
F>0 : Bsn(X,0)ZV; 1'=172; yeBam(X,17/2) =
sm(X,y)<1/2<r = yeBgn(X,1)<=V = Bu(x,12)cV
F1>0 : Bin(X,1)ZV; Bsn(X,1)SBsm(X,1); Bsm(X,r) €Tsm
= AM:=B(X,1) € Tgm : XEBm(X,1) <V = Ve N(x)
C.34 s.f.v. de bile B.B

(X,sm) sp. sm.; XxeX;

{B(x,r), >0}, {B(x,r), >0} s.f.v. x

Def. Limita in sp. t.

(X,1) sp. t; xeX, (X1 €(X);

(Xi)p1—x < VVeV(x) Jip : Vi2ip = x;eV

C.3.5 Limita in sp. sm.

(X,sm) sp. sm.; u.a.s.e.:

(1) (x)—x;

(2) Vex0 Jip=1 : Vi>ip sm(x;,X)<g;

(3) (sm(x;,X))iz1—0;

C.3.6 Convergenta si limita in sp. sm.

(X,sm) sp. sm.; (x;)i>1=X convergent <> Axe X : (Xj)i»1—X
(xi)p1X, AxeX 1 (X))iz1—X notam x = lim x;
(X,m) sp. m., (X)i=1=X, XxeX, (X1 —X = x = lim x;
Aderenta in sm

(X,sm) sp. sm.; McX, xeX;

Def. xecIM < VVeX) : VNM#AY,

P.3.7 Aderenta unei multimi in sp. sm.

xeclM (aderenta ui M) < 3(x;))cM : (x;)—X;
Cauchy

(X,sm) sp. sm.; (xj)i>1=X Cauchy (fundamental) <
Vex>0, Jip>1: Vn,m>ig, Sm(Xm,Xn)<€

P.3.8 Proprietitile sirurilor Cauchy in sp. sm.



(X,sm) sp. sm.; (xj)1=X v.a.s.e.:

(1) (xj)iz1 Cauchy

(2) Vex0 Fip=1 : Vn=iy, VK>0 : sm(Xpti,Xn)<€

(3) Vex>0 Jix1 : Vn2i : sm(Xp,X)<e

P. 3.9. Convergenta vs. Cauchy in sp. sm.

(X,sm) sp. sm.;(Xj)i=1=X; n.a.s.a.: (1) (xj)i1 convergent=>(x;)>; Cauchy;
(2) (x1)i=1 Cauchy; (xj)>1 are subsir conv.=>(X;)i>; conv.;
Multimi complete

(X,sm) sp. sm.; McX completd <>

V (xi)i>1cM Cauchy = 3 xeM: x;—x

Spatiu semimetric complet

(X,sm) sp. sm.; X completd < (X,sm) sp. sm. complet;
P.3.10 Complet vs. inchis

(X,R,+,) sp. m.; McX; v.a.s.a.: (1) M completd < M inchisa;
(2) M inchisd; X completd = M completa;

Operatori liniari

XK+ s.L; (Y. K +,) s.1; A:X—Y operator;

(Aditiv) Vx,xoeX = A(X1+x)=A(X1)TA(X2);

(Omogen) VoeK, VxeX = A(a-x)=o-A(X);

(Lin) Vau,00eK, VX, xe X = Aoy xi)~Zoi A(Xi);
(Lin) < (Aditiv)HOmogen);

LX,Y)={ A:X—Y, A (Liniar)}; F(X,Y)={A:X—Y};
LX,Y)cFX,Y)(<);

Izomorfisme algebrice

XK+ s.L; (Y. K +,) s.1; A:X—Y operator;

A Izomorfism Algebric (IA) < A (Lin) si (Bijectiv);
A:X—Y (IA) < X1 Y algebric izomorfe;

P4.1 (XK +,)s.L; (Y. K+,)sl; (ZK+,)sl;vas.a.:
(1) A:X—Y, B:Y—Z (Lin) = B°A (Lin);

(2) A:X—Y,B:Y—Z (IA) = B-A (1A);

P42 (XK +,)sl; (Y.K+) sl AX—Y (1A) = AL Y-SX (A);
P.4.3 (XK +,)s.1;(Y, K +,)s.L; X(LA) YedimX=dimY;
Functionale liniare

(XK +,)s. (KK A+,)s.L; LIXK)={A:X—K (Lin)};



L(X,K) se numeste dualul algebric al lui X;

feL(X,K) = f:X—K (Lin) — funtionala liniara,
Ex.Hadamard

a,beR; a<b; X:={xeF([a,b],}R) | x integr. Riemann}
(XR+,)=(F([a,b],R), R, +,)

£X—R; VxeX fix)=] [apX(t)dt; f functionala liniard;

f(x) functie de functii = functionala (1903,Hadamard)
Functie subliniara

XR,+,) sl (RR,+,) sl £:X—R subliniard <

Y ou,0>0, VXi,x2€R @ f{oyx+onxs)<ouf(x))+opf(x:)
Obs. f{oux;Honx)<o, f(x;)tonf(x;) <

(FSL1) f(x;+x2)<f(x))+H(x2) si (FSL2) flox)=af(x);
(FSL1) < f' SubAditiva; (FSL2) < f Pozitiv Omogena;
(FSL2)=f(Ox)=0 = Vfsubliniara se anuleaza in Ox;
Ex.Max

(R™R,+,)8.L,(RR,A+,)s.L:H((X1,. ... Xm))=max {Xy,. . .,Xm}
f=max:R"—R subliniard; f nu e functionala liniara
Seminorma sn.

(X, R, +,) 8. £X—R sn. < f{ouxi+onxz)< o (x| Howf(x:)|
P44 (X R+ )sl; £X>Rsn. <

(SN1) f(x+x2)<f(x))H{(x2) 51 (SN2) flox)=|af(x));

(SN1) < f SubAditiva; (SN2) <= f Absolut Omogena;
P.4.5 Proprietitile sn. (X,R,+,) s.1; £X—R sn.; n.as.a.:
(1) Vxi,x0e X [f(x)-H(x)|<f(X1-%2); (2) VxeX = f(x)=0

Norma

(X R,+,) sl EX—>R norma < £:X—N sn. si (f{(x)=0 < x=0x)

L.5.1 Prelungirea functionalelor liniare (Kelly Eduard)

(X, R, +,)s.L; p:X—R subliniara; (U,R,+,)<(X,R,+,°); :U—-R (Lin); i (1) VxeU: f(x)<p(x); Fie

x0eCxU; V:=Utin{xp} =

= 3 g:V-U (Lin): gju=fsi (2) VxeV g(x)<p(x)
Obs. UcV; (V,R,+,)s.1,;

Relatii binare

Fie X m.; R&eXxX; x;Rx; < (x1,Xx2)cR; R relatie binara



(re) R & VxeX = xRx;

(tz) R & Vx,y,ze X, xRy; yRz = xRz;

(s1) R < VxyeX, xRy = yRx;

(as) R & VxyeX, xRy, yRx = x=y;

(ord) “<” < (re) “<”, (tz) “<7, (as) “<;

(ech) =" & (1) = (1) = (5) =

Multimi ordonate

Fie X m.; “<” (ord) pe X < (X,<) m.o.;

Fie (X,<) m.o.; Fie xoe X; McX;

(maj) xoe X majorant M < xpemaj(M) < VxeM = x<X,
(max) xoemax(M) < —ExeM\{xo} : X=X, XoeM,;

(tord) M total ordonata <>Vx1,Xx,€M = X;<X; sau X,<X;
(Maj) M Majorata < maj(M)#J;

(IndOrd) M Inductiv Ordonata << VMcX (tord)=(Maj);
L.5.2 Principiul elementelor maximale

?)

T.5.3 Prelungirea functionalelor lin. reale - Hann H. si Banach S.
(X,R,+,)s.L; p:X—R subliniard; (W,R,+,)(X,R,+,);

Fie {p:Xo—R (Lin) cu (7) VxeW : {i(x)<p(x) =

FEX-R : flw=f) 51 (8) VxeX : f(x)<p(x)

Dem. (Hann H. si Banach S.)

P:={(U,1) | (UR,+,)<(X,R,+,) si :U—-R (Liniard) cu (7)};
(W,fh)eP = PAI;

fie “<”: (UD,(V.g)eP; (UH(V,g) = UV si gu=f, “<"(ord):
(U,H=(U.D; (UH(V.g); (V.9)<(W.h) = (UHI(W,h);
(U.H=(V.g); (V.9)(U,f) = U=V; g=f = (U.H=(V.¢g);

(?) (P,<) (IndOrd) < T(tord)cP Ix¢eP : VxeT = x<Xy;
Dem.(P,<) IndOrd.

Fie TcP (tord); T= are majorant; TAJ : fie Y :
Y:={xeX|3A(U,H)eT : xeU}; (U,HeTS; UAI = YHI
Fie h:Y—R : h(y):=f(y); “h” e corect def. daca ne duce pt. elemente y provenite de la diferiti U la
aceeasi valoare f(y) in codomeniul ‘R;

fie (Ul,fl),(Uz,fz)ET = (U],fl)S(Uz,fz) sau (Uz,fz)S(Ul,fl)



=bhju=ti sau fiju=Hh = (yeUinU=f1(y)=x(y)) c.definita;
(7 (Y,h)eP < (Y R 4,)(XR,+,) st h:Y—R (Liniard) cu (7)
vyeY, f(y)=h(y)<p(y) = (7); (7) Y={xeX|A(U,DHeT : xeU}<X;
Fiey;,y2€Y = 3(U1L1H),(Us, )T, y1€Uy, y2€Us,
(Up,£)2(Uy,br) sau (U, £)<(Uy,f1); Fie UicU; = y1€Us

Fie aj,02€R; (Up, R, +,)S(X R, +,) = aqyitonyeU, =
AUD=U, ) €T : oyrtony.€U = (Y, R, +,)S(X,R,+,);
(7) h:Y—R (Liniard) h(y):=fx(y) (Liniard) = (Y,h)eP;

Fie (U,)eT, hju=f = (U,H)<(Y,h) In P = (Y,h)emaj(T) =
(P,<) (IndOrd); (Xo,fo)eP = I(Z,1) P : (Xo,f0)<(Z,1);

Z#X, ZcX = Ixoe CxZ; (Z,)eP; V:=Z+in{xo} (K.E.) =
Jg:V—R (Liniard) cu (7) = (V,g)eP; ZcV; V<Z = V=Z (F)
= 7Z=X = (X,))eP = V(Xo,fo)eP : (Xo,fo)<(X,f) = flxo=F;
Ex. Metrica in F(T,K)

T#D; F(T,K) sp.l.; p:F(T,K)—>RU{o0};
p(x):=sup{x(t)|.te T}

(1) d:F(T,K)xF(T,K)—R, d(x,y):=min{1,p(x-y)} metrica
(2) (F(T,K),d) sp.m. complet; (3) t4=Ty

Rez. (1) VxeF(T,K) d(x,x)=min{1,p(x-x)}=min{1,0}=0;
d(x,y)=min{1,p(x-y)}= min{1,p(x-y)}=d(y.x)

Fie x,y,ze F(T,K) (?) d(x,y)<d(x,z)+d(z,y)

(@) p(x-z)=1 sau p(z-y)=1 = d(x,2)=1 sau d(z,y)=1 =
d(x,2)+d(z,y)=1>d(x,y)

(b) p(x-2)<1 51 p(z-y)<1 = d(x,2)=p(x-2) 51 d(2,y)=p(z-y)
VteT [x(O-yO)x(®)-zOFHz(O-yOI<p(x-2)+p(z-y) =
d(x,y)<p(x-y)<p(x-2)tp(z-y)=d(x,2)+d(zy)

Fie x,yeF(T,K) cu x#£y = toeT : x(to)#y(to) =
p(x-y)=sup{[x(t)-y(Olte T}2[x(to)}-y(t) >0 =
d(x,y)=min{1,p(x,y)}=min{L,[x(to)-y(to) ;>0 = d(x,y)>0

(2) Fie (xi)i-1cF(T.K) Cauchy, teT, £>0; €"=min{e,1};

(X1)iz1 Cauchy = Jip>1 : Vm,n>ip d(Xm,xp)<e'<l =

Vm,n21y d(Xpm,Xn)=P(Xm,Xn)<€'SE = [Xm(t)-Xn(t)|<e =

(xi(t))=1 Cauchy in K; (K,d) complet = IFxeK : xi(t)—x



(3) x0eF(T,K); Br(fo,ro)={feF(T,K) : VteT |f(t)-fo(t)|<ro}
UF(TK)— (0 (F(TK)); UR={Br(fy), 0<r<co}
(F(T,K),tv) sp.top.; VxeF(T,K), U(x) s.f.v. a lui x, U(x) unic
1=ty < U(x) s.f.v. a lui x In (F(T,K),14)

Ex. Metrica unei serii

(1) (a1, (yi)iz1 €(K); s=Zigi(112)) xi-y/(1+x3-yi)) conv.;

(2) d:(K)K)—R, dx,y)= Zea(1/2') xyill(1+xi-yi) m.;

(3) ((K),d) sp. m. complet;

dem.(1) X(1/2) conv.; 0<(1/2 ) [xi-yil/(1+x;-yi) <(1/2) =
2(1/2) =i/ (1+x;yi]) conv.

Q) dxy)=0<= (1/21)-|xi-yi|/(1+|xi-yi|)=0 & XY & X=y
A0y =212 byl 4y =22yl (1H4yexi]=d(y.x)
d(x,y)<d(x,2)+d(zy) < 2(1/2i)-|xi-yi|/(1+|xi-yi|) <

S(1/2) izl (2 22 2oyl (1Hzey) <

212y (xi=zll (1+xi-2lyHzeyl (Hzey -yl (Hxieyi])>0
< izl (1Hxi-zi Hzieyil (1Hzeyi]) 2 [yl (1) (2)
W=X;-Zi; V:i=Zi-yi; @ < [utv]/(1+Hu+v)<ul/(1Hul)Hv/(T+Hv])
< [urtv|(IHuA+HV)<ul(IHVAHuEV)HYIHuHulHv)
[utvH(uHVD[ut v ulvI<fulHul viHul v vul v
VIVt vV ulv] < futviSlulHvE2fulviHor vl v
dar [urtvi<fulHv|<utviu[Hvi2ful[vHurtviulvi;

(7) ((K),d) complet; x,:=(Xp,1. - . ); Xn fundamental in (K)
=Ve>0 Ing: Vn,m>ng : d(Xp,Xm)<e =

Ve>0 Ing: Vnm>ng 1 Ziot(1/2')Xnj-Xmil/(1+XniXmi)<€;

= 16985 222 T 160 1/2) X Xengl/ (1 HXn X )=
112 X iXon il 1 HXn i Xeni > 1<icd X=Xl (1 HXni-Xeni)>

2 <ickXni-Xmil2[Xnk-Xmx/; Vk=0 avem ca Ve™>0, Imp>0 a.i.
Vn,m>my : [Xpx-Xmk/<€' unde mozmo(a')::no(Zka) =

Vk, (Xix)z0 fundamental in K = Vk, (Xix)iz0 convergent in K =
Xi=(Xi 1, - -Xik»- - - ); Xi convergent n (K);

Topologie compatibila cu structura algebrica a unui s.1.
XK+ sl tepX)al (X7) spt;

(TL1) Vx,yeX = (xt+y)eX; (TL2) VxeX, VaeK = axeX



T compatibila cu (+,") < (TL1<) 51 (TL2<);

(TL1<) Vxo,y0e X, VW e N(Xxotyo) , AU e M(Xq), IVe Nyo) :
Vxel, VyeV = xtyeW,

(TL2<) VowekK, VxpeX, YW e N awXo) FUe Noyw), IVe MXo) :
YaeU, VxeV = axeW,;

Def. (X,K,+,) s.l.; (X,7) sp.t.; (TL1); (TL2) = (XK, +,-,7) s.L.t.
Def. Continuitatea operatorilor “+” si “” in s.Lt.

XK, +,,1) 8.1t

(TL1<) : (cont. “+” in XxX); (TL2<) : (cont. “” in KxX);

Ex. F(T,K) s.1.t.

(F(T,K),K+,) s.L; p:F(T,K)—=RU{eo}; p(x):=sup{[x(t),teT};
d:F(T,K)xF(T,K)—R; dy(x,y)=min{1,p(x-y)};
Br(xo,10)={feF(T,K), VteT = [x(t)-Xo(t)|<to};

UF(T.K)— o (0 FTK)); Ux)={Br(xr), r>0};
ty:={McF(T,K), VxeF(T,K) = Me U(x)};

d metrica pe F(T,K); ty topologie pe F(T,K); T topologia uniforma;
Ux) s.f.v. x = 1ty unicd a.i. VxeF(T,K), Ux)=MX);

= (F(T,K),K,+,-,tp) s.Lt.

Ex. Topologii vs. structuri algebrice

(XK +,) s.L; XA{Ox}; Tindis= 1D, X} ; Tais= o (X);

(Tingis) VXX, V(X)={X};

(TL1<) : Vxo,y0eX, W=X, FU=V=X, Vx,yeX xt+tyeX cf. (TL1)
(TL2<) : VoweK, VxoeX, W=X, JU=K, IV=X: VaeK, VxeX
= axeX cf. (TL2)

(tsi=  (X)); VxeX, Nx)={VcX, xeV};

(TL1<) : Fie xo,y0e X; We V(X¢tyo) , IU:={X0} € "(X0),

IVi={yo} € Nyo) Vx=x0€U Vy=ypeV = x+y=x¢t+yoe W evident;
(0,0x)eKxX; (XK, +,) s.l. = Vxe X : 0-x=0Ox;

(?—|TL2<:>) VoekK, VxoeX, VW e Howxo) FUe o), IVe Nxo) :
YaeU, VxeV = axeW,;

Fie xoeCx{Ox}; 0:=0; W:={Ox}; Fie Ue V(0); Fie a.=1€U\{0};
Fie x:=xpe Ve V(xp) = ax=1x=xp€ {Ox} = x=0Ox contrad. =

= (TL2<) nu are loc = ¢ (X) nu e compatibila cu str. alg. X.



T.7.1 Topologia unei sm. pe un s.L

XK+ s.L; o[- X—R (SubAditiva);

30<k<1 : VaeK, VxeX [lox|=of“|x]; d:XxX—R, dx,y)=|x-yl|
= (X,d) sp.sm.; T4 comp. cu str. alg. X;

Dem.

(SM1) d(xx)={x-x|[={[Ox][H0-Ox]=0]" |Ox][<0

(SM2) d(x,y)=lx-y[[={(-1) (y-)l =1 ly=x|=lly-x]I=d(y.)

(SM3) d(x,2)y+d(z,y)=[x-7Z|[+z-y|[=(S.A)2[x-y[[=d(x.y)
T¢={McX | VxeM Ir>0 : By(x,r)cM};

Bu(Xo,to)={xeX : d(X,x0)<to}; {Ba(x,r), >0} s.fv.x;

(?TL1<) Vxo,y0eX, VWe xgtyo) , FUeM(xo), IVe (o) :
Vxel, VyeV = xtyeW;

(?TL2<) VayekK, Vxoe X, VW e Naxo) Ue Mow), IV e M(Xo) :
VaeU, VxeV = axeW;

Xo,y0€X; W e VXgtyo) = TrpeR : Ba(Xot+yo,10)=W;
U:=Bq(x0,10/2) € "(X0); V:=Bud(yo,10/2) € Nyo); fie xeU, yeV =
d(xty xotyo)=| x+y-(Xotyo)|[HI(x-Xo) H(y-Yo)l[<lx-Xol[Hly-yol =
=d(x,x0)*+d(y,y0)<to/2+10/2=19 = (X,y) € Ba(X¢+y0,10)=W (TL 1<)
x0eX, apeK; We Napxp) = FroeR : By(oXo,t0)=W;

2ol =lxoll 1ol 2] 12x0][=2'foll => (2-2) o205 2-220 = [[xo[[>0
ri=min { Lto/(1+oto[“+[xo[) 3 U=Bato™) & Fow);

V:=By(xo,r) € N(xp); fie aeU, xeV = |a-al|<t; [|[x-Xo|[<T;

d(ox, 010X )=]|ox-0tX ||| orx-0LoX-+ateX-0toXo| [ (0t-0lo )X +oto(X-Xo) | =
=]|(ot-0t0)x-(0t-0t0)x0H(0t-0t0 )Xo 0to(X-Xo)| =
=||(o-0t0)-(x-Xo)+(0t-0to) X0t 0to(X-Xo)| <[ (0-0to)-(x-Xo)| [ (0t-0to) Xl [+
oo (x-x0)| =lot-0to|“ [ x-xo| Hot-tof“ ol Hoto| [ x-xo]<

-+ ol ol e+ xolHotol ) <i(1-+Hotof +xol = 1-+cto] “Hlxol pr
<(1-Haro“Hxolro/(1+oul “Hpxl)=r0 = ox eBa o)W
Topologia unei sm. pe (K)

((K).K;+,) s.1; Fie 0<p<1; L={(E)1s(K) : ZfgjP<o0};

(Lo, K +,)((K)K+,) = (1,,K,+,) s.L; Fie ||:,—R,

Vx=(xiie1 €lp, [X[=Zieixil” = VoeK, Vxel, |lox|=all|x];

Xy lFEieictyi <D [xid Zieyd =[xyl = [ (SubAd);



T={Mcl, | VxeM 3r>0 : By(x,1)c=M};

By(xo.to)={xelp : [[x-xol[<ro} = (Ip,K,+,7, 1) 8.1t

d:1xl,—R d(x,y):=x-yl|; (?) d metrica: d(x,y)=|[x-y|=Zke1xi-yi'=0 <
Vk21 [xi-yd=0 < x=y; dXy)Fx-YIFZie Xy =Ziel yiexd™=d(y.x);
d(x,2)y+d(zy)=x-z|H|z-yIFZie1 Xz i1z yi =
Zie1(xu-zdHzieyi )21 Xy =|x-y|=d(x-y) = d metrica
C.7.2 Convergenta prin “+” si “” in s.L.t.

(XK, +,,7) s.1.t; Fie (Xn)ns1,(Yn)nz1 €(X), Xn—X0, Yn—Y0; X0,YoEX;
Fie (0w)n=1€(K), o010, 0o€K = (Xutyn)—(Xo0); (0nXn)—(0loXo)-
Dem.7.2 (?1) VW e V(x¢tyo), Tko>1 : Vizky = (xit+yi)eW

Fie We V(x¢tyo); (XK, +,,7) s.l.t. = FUe M(xp), Ve Nyo) :
vxelU, VyeV, (x+ty)eW (a);

(Xi)=1—X0, Ue M(X0) = Jip=1 : Vi, ;€U

(Yiz1—Yo, VENyo) = Fjo=1 : Vixjp, yieV

ko=max{io,jo} = Vi2ko, x;€eU, yieV; (a) =

= Vizk, (xityi)e WSV(xatyo) = (Xity—(Xotyo)

(72) VW eV(agXo), Tko>1 : Vizky = (aix)) e W

Fie WeV(apxo); (XK, +,,1) s.l.t. = FUe M), IVe Nxo) :
YoaeU, VxeV, axeW (b);

(a)iz1—0, Ue o) = Jipg>1 : Vil , ayeU

(X)iz1—X0, VENX0) = Fjo=1 : Vixjp, €V

ko=max{io,jo} = Vizko, aieU, x;€V; (b) =

= Vixky, (aixi) e W V(X)) = aiXi—0loXo

P.7.1 Vecinataiti induse prin “+” si “” in s.L.t.

(X,+,,7) s.1.t.; xoe X; Ve Nxp); wa.s.a.:

(1) VxeX, x+Vex+xo); (2) VaeK, aVe Hoxo);

Dem.7.1

Xe=(x+X0)H(-X); (x+x0),(-x) X =

VYW e Mxp), JUe V(x+xp), Ve N(x) : VueU, VveV, utve W
vi=x = AUeNx+xp) : VueU, uH-x)eW =

VYW e M(xg), U e V(x+xp) : Ux=W =

VYWelxo), FUe Nx+xo) : Ucx+W = (x+W)e V(x+xXo);

W=V = (x+V)e Mx+xo)



aeK = xe=(1/a)axq; (/o) eK (axo)eX =

VYWelxo), AUe Naxg), AVe N(1/a) : YVueU, VveV,uve W
vi=l/oo = FUeVaxo), VueU, (l/o)jueW =

VYW e M(x0), FUe Moxo), (1/o)UcW <

VYW e M(xp), AU e Moxg), UcaW = YW e V(x), aW € Moxo)
W:=V = aVelox);

o=0, 0V={x | x=0-v=0x, ve V}={Ox} (?){Ox} € "(Ox)

{Ox} e NOx) < {Ox}tet ()

C.7.2 SAf.v. indus prin “+” si “” in s.L.t.

(XK +,,7) s.l.t; xoe X; Uxg)Z $2(X) s.fov. Xo;

Ux+xo)={x+U | Ue U(xp)} = U(x+xq) s.f.v. x+X¢

Dem. xeX; UeU(xo) = UeMxp); P.7.1 = xtUe Nxt+x¢) =
Ux+x0) < N(x+xo); Fie VeV (x+x¢); P.7.1= Vx € Nxp) = FUeU(x) : UcVx =
x+tUcVe lxtxo) = VV JU : x+UcV;

UeU(xp) = x+tUe U(x+xo) = U(x+xp) s.f.v. x+xg

P.7.3 Int si cl induse de “+” si “-”

(XK, +,,71) s.l.t; McX; vas.a.:

(1) Vxpe X, xgHntM=int(x¢+M); x¢t+cIM=cl(xo+M)

) VaeK' int(aM)=a-intM; cl(aM)=ar-cIM;

Dem. (xeIntM < Me Mx)); (xecIM < VVeNX) : VAM#D);
(xotA={xeX | JacA : x=x¢ta});

D.1: fie xexgHintM = JaeintM: x=x¢t+a; Me I(a); P.7.1 = x¢+tMe Nxota) = x=x¢tacnt(xo+M)
= xoHntMc Int(xg+M);

fie xeint(xg+tM) = xptM e V(x); P.7.1 = Me M(x-X¢) = Xx-Xxo€ IntM
= xexgHntM = Int(xgtM) < x¢HntM = Int(xg+M) = X +HintM;
xexgtcIlM = x-xpeclM; fie Ve V(x); P.7.1 = V-xpe (x-Xo);
x-XoecIM, V-xo€ V(x-X9) = MNV-X#J = xetMNVED =
xecl(xgtM) = xptcIMc cl(xg+tM);

xecl(xgtM); fie Ve M(x-xg); P.7.1 = x¢+V e V(X); M+xoNV+xX#D
= VNM#J = x-xpecIM = xex¢tcIM = cl(xgtM) < xptclM;
D.2: fie xeint(aM) = aMe 1x); P.7.3.1 = MeV(a'x) =
o'xeIntM = xealntM = int(aM)calntM;

fie xeaIntM = o 'xeIntM = MeV(a'x); P.7.3.1 = aMe V(x)



= xeint(oM) = alntMcint(aM) = aIntM = int(aM);

P.7.4 Acoperire si inchidere induse de “+” si “-” in s.Lt.

(XK, +,,71) s.l.t.; McX; xpe X, a.eK; uas.a.:

(D) clxetM)=xgtcl(M); cl(aM)=a-cl(M);

(2) M inchisa = x¢+M, oM inchise;

Categorii topologice

(T,7) sp.t; Mc oo (T);

Defl. M nicdieri densa < Int(cl(M))=J;

Def2. M de categ. [ << I(Mp)n=1< 0 (T), My, nicaieri dense : M=UM,
Def3. M de categ. II << M nu este de categ. [;

Def4. (T,7) sp.t. Baire << VM et\J = M este de categ, 11;

T.7.5 Baire vs. categ. 11

(X,+,.,7) s.L.t.; (X,+,,7) Baire << X de categ. II;

Dem.7.5 “=" evidenta din definitie pt. M:=X; “<""

Fie Met\J; pp. caM de categ. | =

= I(Mp)n=1< 2 (X), My, nicaieri dense : M=Uj» 1 My;

Fie xoeM; m>1; Np:=m(M-xo);
Nim=m(M-Xo)=m(Uys1 Mp=X0)=mUys 1 (Mp-Xo )= U m(Mp-Xo);
int(cl(m(My-xo)) =m-int(cl(M,) ) +m-xp=m-J+m-x=

= Np de categ. [; (?) X=Up1Ni;

xoeMetT = MeV(Xp); P.7.1 (x=x¢) = M-x¢€ V(Xo-X0)=V(Ox)

Fie xeX; k'lxeX; k'lx—>OX = Jko: Vk=>ko, k'lxeM-xoe NOx) =
Tko: Vk=ko, xek(M-x¢) € M(Ox) = Tko: Vk>ko, XeNkCU 1N =
XU 1Ny N X = Upps I N X = X=Up 1N = X de categ, [
(F) = VMet\Y, M este de categ. II;

Spatii seminormate, normate si multiseminormate

(XK, +,) s.L; p:X—R seminorma;

Def. Semimetrica definitd de seminorma

dp:XxX—R, Vx,yeX, dy(X,y):=p(x-y) semimetrica definit de p;
Tap=Tp top. produsa de d,; T4 compatibild cu str. alg. a (X,K,+,),
adica (X,K,+,,tp) s.L.t;

Def. Spatiu seminormat

(XK, +,) s.L; p:X—R seminorma < (X,p) sp.sn.



Obs. (X,p) sp.sn. = (X,K,+,,1p) s.L.t.; reciproca nu e adevdrata;
P.8.1 Proprietatile sm. induse de sn.

(XK +,) s.L; p:X—R sn.; d, sm. def. de sn.; v.as.e.:

(1) (X,p) s.s.Hausdorft; (2) d metrica; (3) VxeX\{Ox}, p(x)>0;
Dem.8.1 (1=2): x£y = IVe x),Ue Ny):VNU=Z=(xe V=x¢U)
UeNy) = 3r>0: B(y,n)cU, xg¢U = x¢B(y,r) = d(x,y)2r>0
(2=3): xeX\{Ox} =d(x,0x)>0 < p(x)>0; 3=1): x£y = x-y#0x = r:=p(x-y)/2=d(x,y)/2>0;
Bi(x,r)NBy(y,r)=J; B "(X); B,e Ny);

Def. Spatiu normat

XK, +,) s.L; ||: X—M norma < (X,|||) s.n.

Def. Spatiu multiseminormat

(XK, +,7) s.L; p:X—N, jeJ seminorme; fie T; top. generatd de p; =
(T;)jes familie de top. compatibile cu “+” g1 “”;

se poate defini o topologie mai fina decét tj, jeJ comp. cu str.alg. X;
% (X) cea mai fina topologie pe X;

Bj(x,r0)={yeX | pi(y-X)<to}; T={McX | VxeM Ir>0 : Bj(x,)cM};
Fie Ic] (Ie 0 (J)); Bi(Xo,10):=NiciBi(Xo,to) — multibila;

T.8.2 Sn. indusa de o familie de sn. pe un s.L

(XK, +,) s.L; (py)ies fam. de sn.;
UX— o (p (X)), UX):={Bi(x,r), IeFQJ), >0}, FU)={I], [[I<No};
uas.a.

(8.2.1) At p(X), (X,7) sp.t., VxeX = U(x) s.f.v. x in (X,7)
(8.2.2) Vjel, tict
Dem.8.2 Daca U definit astfel respecta

(Ul) Ux)#J; (U2) VUeU(x) = xeU

(U3) VULUcU(x), UeUX) : U cUiNU;

(U4) vUeUx) FU'eUx) | VyeU' FU"e Uy) : U"'cU

atunci 3! T pe X al VxeX, UX) s.f.v. x; =11

(8.2.U1) Bi(x,1) e UX)~T;

(8.2.U2) xeBi(x,r) = xenicBi(x,r)=Bi(x,r);

(8.2.U3) YM,NcJ, Bm(x,rm),Ba(x,1nv) € U(x); L=MUN;
M,NeF(J) = [EMUNEeF(J); r=min{r\,tm};
Bi(x,r)=Bm(x,rm); Bi(x,r)=Bn(x,tn), U=Bi(x,1)Bm(X,im) B (X,IN);



(8.2.U4) Fie U=By(x,r); U"=U; Fie yeU' = pi(y,x)<r Viel,
ro:=min{r-pi(y-x),iel}=r-max {pi(y-x),i€l}; 10>0; U":=Bi(y,ro) € U(y);
zeU" = Viel, p(z-x)=pi(z-y+y-x)<pi(z-y)pi(y-x)<tot pi(y-x)=

= rpi(y-x)-max {pi(y-x), e[} <r = ze U;

SPATII BANACH; B(T,K), CB(T,K), C(T,K)

Def. Norma pe s.1.

XK+ s.L; [|of:X—R norma pe X <

(N1) [|Ox][=0; VxeX\{Ox}, [[X|>0;

(N2) VoeK, VxeX [lox|=al-|x];

(N3) Vx,yeX, [[x+yl[<|x[+yll;

Def. Spatiu normat

(XK +) s.Ls ||ofl: X—0R norma pe X < (X)) s.n.;

Def. Metrica generata de norma

(X JFl) 805 dj:XXX—R, dyy(x,y):=|x-y|| metrica generata de ||-;
Def. Spatiu Banach

X[I1D s.n.; (X,dyy) sp.m. complet <> (X)) s. Banach;

Def. Multimea functiilor marginite B(T,K)

B(T,K):={xeF(T,K) | IM>0, Vt>0 = x(t)<M} — m. fct. marginite;
T.9.1 Caracterizarea B(T,K)

T#J; n.a.s.a.:

(1) B(T,K)<F(T,K);

(2) [[le:B(T,K)—R, |[x||c:=sup{[x(t)|, te T} norma uniforma

(3) (B(T,K),||||«c) s. Banach;

Dem.9.1:

(1): fo:T—-K, fo(t):=Ok; foeB(T,K); x1,x,€B(T,K); aj,00€K;
VteT, [xOFouxi(t)+onxat)<loul xi(OF ol xa(b)<lou |- Mi+ oo M;
= xeB(T,K) = B(T,K)<F(T,K);

(2): [Ogrxll-==sup {|Oprx)(), te T}=sup{0, te T}=0;

x#O0g(rx) = F €T, X(t0)70; [[X[.2[x(to)>0;

[Joux]l=sup {|ax(t)],te T} =sup {jo-x(D)},te T}=|or|- sup {{x(t),te T}=
=lo [[xl; VT, |ty) OO+ OI<XOHYOIS]x ]l HIyll=>(N3);
(3): Fie (Xp)n=1=B(T,K) Cauchy = V>0 dng>1 : Vn,m>ny,

[IXnXm|[c<€ = V>0 Ine=1 : Vn,m=ng, VteT, [Xq(t)-xm(t)|<e =



VteT, (Xn(t))n=1 Cauchy in K = (xx(t))n>1 convergent in K =
VteT, xu(t)—xg; fie x:T—-K, x(t):=x=limy.xn(t); (?)xeB(T,K):
vn>n,, VteT, [Xq(t)-Xn1(t)|<||XnXn1||w<e:=1; trecem la limitd in K =
VteT, limyooXn(t)-Xni(t)|<e=1 < Vte T, [x(t)-Xn1(t)|<e=1=-M =
Ini>1: sup{x(t)-Xn1(t),te T}=|X-Xn1][<1 = X-Xp1 €B; X0 €B = x€B;
Ing: Vn,m>ny, VteT, [Xu(t)-xm(t)|<e/2; m—oo In K = Fny: Vn>n,,
VteT, [x(t)-xq(t)|<e/2<e = Ve>0,3ng: Vn>ny, [[X-Xy/|x<€ = Xp—X;
Obs. (B(T,K),K,+,)<(F(T,K),K,+,);
Def. Continuitate in spatiul functiilor peste un spatiu topologic
(T,7) sp.t.; T#; toe T; xoe F(T,K); || norma din K;
Xp cont. ty < Ve>0 IVe Nty)t, Vie VT = [x(t)-xo(t)[<e;
Def. Multimea functiilor continue C(T,K)
(T,7) sp.t.; T#S; C(T,K):={xeF(T,K), x cont. T}
P.9.2 C(T,K) < F(T,K)
Dem. fy:T—K, fi(t):=Ox; foe C(T,K)#J; x1,x,€ C(T,K), a,00€K,
X:=0,X1t00Xo; fie £>0;
x1, X2€C(T,K), thoeT =
IVieNt), Vte Vi, [xi(t)-xi(to)|<e/(louHow[+1);
FVa2e Nty), Vte Va, [Xa(t)-Xa(to)[<e/(|ouHow[+1);
V:=VinV, = Velty); VteV, x(t)-x(t)=
=Joux (t)Fonxa(t)-ouxi (to)-oxa(to)|<(lou [How| )e/(Jou [+ 1)<e
= xe(C(T,K) = C(T,K) < F(T,K);
Def. Multimea functiilor continue marginite CB(T,K)
(T,7) sp.t.; TF; CB(T,K):=C(T,K)nB(T,K);
Obs. CB(T,K)<F(T,K)
C(T,K)<F(T.,K), B(T,K)<F(T,K),
C(T,K)NB(T.K) = CB(T,K)<F(T,K)
Def. Continuitate intre doua spatii metrice
(X.dx), (Y,dy) sp.m.; £X—Y;
feC(X)Y) < VxeX, Ve>0, 36>0, f(B(x,0)) < B(f(x),¢)

Def. Uniform continuitate intre doua spatii metrice
(X,dx), (Y,dy) sp.m,; £:X—Y;

funiform continuad < Ve>0, 36>0, VxeX, f(B(x,0)) < B(f(x),¢)



T.9.3 Weierstrass

(X,dx), (Y,dy) sp.m.; feC(X,Y); (X,dx) compact = funif. continua;
T.9.4 CB(T,K) s.s.B. B(T,K)

Dem.4.3 (B(T.K),K,+,",tv); (?) CB(T,K)ezy; Fie xeclgrxCB(T,K)
= xeB(T.K); Fie £0,B}(x,73)={y € B(T.K),|ly-x/|.<75} € Vrx)(X)
cIB={xeX|VVeNx)=VNB#AJ}= CB(T,K)N Bjj(X,73)#J;

fie ye CB(T,K)NBj (%, 73); fie toe T =y cont. ty =

= AVety), VteV, ly(t)-y(to)|<7s;

VteT, [x(1)-x(to) =x(O)-y(O)ty(O)-y(tory(to)-x(to)[<[x(t)-y(t)+
Hy(O-y(t) Hy (o)X (@)|<[[x-yllost 73 HlyXlls<73+/3+73=€ = x cont. to
= xe((T,K) = xeCB(T.,K) = clgrx)CB(T,K)cCB(T,K);

C.9.5 (Tr) sp.t.; TAT; T compact = (C(T,K),||'||l..) s.Banach;

Dem. T compact, T.4.3 = CB(T,K)=C(T,K); aratim ca orice functie continua pe compact este si
marginita:

K=R evident din T. Weierstrass; K=C:

Vb eT, [re(x(t))-re(x(t))Fre(x(t)-x(L))|x(t)-x(R)|

Vb eT, [Im(x(t)-Im(x(t))Fmx(t)-x(6)|<x(t)-x(R)|
re,im:T—*R cont.; T.Weierstrass =

IM M eR,, VteT, re(x(t))<M;, im(x(t))<My;

VteT, xOFVre’ xO))HmM x(1)<VM+M,"):=M = xeB(T,K);
Spatiile Banach (L.,K,+,"), (¢,K,+,), (co,K,+,7), (1, K, +5), (lo, K, +7)
lo={(x)1€(K), [{i=1, x7#0}|<No} siruri nule aproape peste tot;
L={(x)iz1€(K), Z[xi/’<oo}, 0<p<1 — siruri cu seria puterilor p conv.;
Lo:={(xj)i>1 €(K), IM>0, Vi>1, [x<M} — siruri marginite;
c:={(xp)x1€(K), IxeK, x;—x} — siruri convergente;

co={(Xj)i=1 €(K), xi—0} — siruri convergente la 0;

s:={(x})iz1 €(K)} —siruri; s=(K);

[I|lo: () =R, [1x]|oc:=sup {[Xi|, =1} — norma (norma uniforma pe (K))
T.9.6 Relatii intre spatiile ¢y, ¢, L. si (K)

(K) 8.10.5 (Coy|{loo)<(C, | loo) Loy || lo) S(A,|[o0); C05€,Lc - 8. Banach;
P.9.7 Relatii intre spatiile L, 1, si co

(ool <Cos|l 1) Qo)< ); (T[T ) - Ts. Bamach



Dem.9.6: “<” evident; s.s.B.:

(T4ALTAN) = (LKt )<Kot o)

orice sir convergent e marginit = cCl, = ¢<l; cocc = co<c;

(?) clie=c (< ¢ 8.8.B. Lo); x€ClC;€>0; By (X, 73) € Vi X)=>cNB#D
Fie y=(yi)z1€cnB = (y;) conv. = (y;) Cauchy = 3ny: Vn,m>no,
Y-yl <73; Vm,n2n0, X Xinl=[X-YartYo-Ynt Yom-Xe <Xyl HYn-Yanl
Hym X <Xyt 73Hx-ylle =

(%1)iz1 Cauchy; X=(K) = (xj)iz1 conv. = xec = cliccc;

(?) cleco=co (& ¢o 8.8.B.¢); xecleco;e>0;B) (X, 72) € V(X)=>comB#D
Fie y=(yi)iz1 €coNB = y,—0 = Ing: Vn,m>ny, [y,[<7;

Vn2ng, [Xol<[Xa-YalHYal<|[X-Y]lst72<€ = x,—0 = X9 = clecocCo;
Dem.9.7: “<” evident; s.s.B.:

(?) xn€lp; xn Cauchy; lim,.xn&1y; (Cauchy, Teonv. = lcomplet)
a=(a)e1; a=k P Xn:=(ar,. . .,an,0,...);

limy,ooXp g =limy,,0=0 = X, €€ (1)

VNEN, it [XniP=Z gt <o I=n(1+1)/2<00 = V21, x,€l, (2)
£>0; Vn>ng=[1/e’]+1 (nyP<g), Vm>0,

XnimXe=(0,...0,(n+1) P .. (ntm)P0,...);
|Xartm=Xall=sup { () P, I<i<m}=(n+1) P<nP<ny P<e =

= (Xn)n>1 Cauchy (3)

limyoxp=a=(a)e1=(K P)er; imyea=limg .k P=0 = aeccy (4)
a=(aer; Ak P SieilafP=Zie 1k =00 = agl, (5)

Din (1-5) avem: Xn€¢o; Xn€lp; (Xn) Cauchy; limy,_.cXn€Co;
limy.Xn &1, = 1, nu e completd in co = (1,,K.+,,|||0) |s. Banach;
(?) xn€lp; X, Cauchy; limy, X, &1o; (Cauchy, Jeonv. = Wcomplet)
b=(bWie1; b=k ™; yi=(b1.....bn,0,...);

limyooyng=limy . 0=0 = ynecy (6)

va=(1"27,...070,..): V=1, [{i>1, y#0 =n<No = yaelo (7)
£>0; Vn>ng=[1/e]+1 (ng <), Vm>0,

Yarrryn=(0,...0,(n 1), (n+m) ™, 0,..);

[Vt Yale=sup{(n+i) ", 1<i<m}=(n+1) <0 <ny'<e=(y,) Cauchy (8)
limpayi=b=(b e 1=(k 13 imyobi=limy_o k=0 = becy (9)
limy ooy ==k i1 [{21, 720} =80 = bely (10)



Din (6-10) avem: y,ecy; yn€lo; (Yn) Cauchy; limy_.yn€co;
limy—.xnlo = lo nu e completd in co = (1o,K,+,-,|||o0) 1s. Banach;
T.10.1 Inegalitatea Young si inegalitatea Holder

Fie p,g>1, p'+q'=1; u.a.s.a.:

(Young) a,b>0 = ab<p'a’+q'b%;

(Holder) (ai)1<i<my(bi)1<ism>0 = Zi<icmabi<(Zi<icma®) P(Z1<iembi®) 'Y
Dem.Young; p'+q'=1 = p'=1-q"; p=(1-q"")'=q/(q-1);
f(x):=ax-p'aP-q"'x%; You(x)=a-q-qx ¥ =a-x4"=0 = x,=a" @V,

09/54(0y=a>0 = xy=a" V=X s fXmmax)=Frnax=F(a" @) =
f(x)sf(al/(q'”)Zaq/(q'l)-p'1ap-q'laq/(q'l)zaq/(q'l)(1-q'l)-app'lzo = f(b)<0;

Dem.Hélder; A:=(Za)'?; B:=(Zb;%)"9;

A=0 sau B=0 evident adevarat; A#0 si B#0 = Young(ai/A,bi/B) =
abi(AB)'<p'aPAT+q 'bB? = (AB) 'Zabi<p ' APZaf+q ' BUTb
=(AB)'Zabi<p” (ZaP) 'ZaP+q " (Zb?) 'Tbi=p'+q'=1 = Zabi<AB

T.10.2 Inegalitatea Minkovski

P>1, (a)1<icms(b)1<ien>0 = (Z(artby)?) P<(ZaP) P+(ZbP) P

Dem.Minkovski: p=1 = Zai+b=Za;+Zb; adev.; p>1 = q:=(1-p)";

B:= (Zaf) PHEbP) P A=2(aitb)’; A=0<(Za®) P+(ZbP) P adev.; A#0 = A=3(ai+bi)(ai+by)"
'=%a(aitby)" +Zbi(airtb)" <protder

<(ZaP) P(2(aitby) ™) HH(EbP) P2 aitby) T =(Z(aitb)") B

= A<A"IB =A'"9<B = A'P<B : Minkovski;

C.10.3 Norma Minkovski peste K"

p21; [ K R, [Ix]lp:=(Zx")", norma

Dem.

(N1): [[x][,=(E[xi")P=0 < x=(x1,....Xm)=(0,...,0);

(N2): areK, xeK™, [lox|[p=(Zloxi") "P=|ad (ZIxif") =[] [[x]lp;

(N3): Vit [xityilP<(IxiHyi)” = (Ix+yllp)*=Zlxityil <Z(xil+Hyil)” =um
xtyllp=(Elxityi) P<E i HyiDP) P<E ) PHELy) = H Iy

P.10.4 Norma Minkovski peste s.B. I,

p21; | lp: =R, [[X/lp=(Z[xi)'"?, norma

Dem.

(N1): [[x][,=E[xi")P=0 < x=(x1,...,Xm)=(0,...,0);

(N2): ek, xely, [Jax]ly=(Zloxil”) =l (Z/xif") " P=foul x|



(N3): Vit [xiyilP<(xil+Hyi))” = (Ix+yllp) " =ZxityiP<Z(xilHyi))” =wm

= Vm21, Z1gianXityilP<(Z 1 <iconi?) PHE 1<icmlyil?) 'P; m—oo = (N3)
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