Discrete Applied Mathematics 157 (2009) 804-811

Contents lists available at ScienceDirect

Discrete Applied Mathematics

journal homepage: www.elsevier.com/locate/dam

The first and second Zagreb indices of some graph operations

M.H. Khalifeh?, H. Yousefi-Azari?, A.R. Ashrafi®<*

2 School of Mathematics, Statistics and Computer Science, University of Tehran, Tehran, Islamic Republic of Iran
b Department of Mathematics, Faculty of Science, University of Kashan, Kashan 87 317-51167, Islamic Republic of Iran
¢ School of Mathematics, Institute for Research in Fundamental Sciences (IPM), P.0. Box: 19395-5746, Tehran, Islamic Republic of Iran

ARTICLE INFO ABSTRACT

ArtiC{e history: In this paper some exact expressions for the first and second Zagreb indices of graph
Received 30 September 2007 operations containing the Cartesian product, composition, join, disjunction and symmetric
Received in revised form 17 May 2008 difference of graphs will be presented. We apply some of our results to compute the Zagreb
Accepted 9 June 2008

indices of arbitrary C4 tube, C4 torus and g-multi-walled polyhex nanotorus.

Available online 6 August 2008 © 2008 Elsevier B.V. All rights reserved.

Keywords:

The first and second Zagreb indices
Graph operations

C,4 tube

C4 torus

g-multi-walled nanotorus

1. Introduction

Throughout this paper we consider only simple connected graphs, i.e. connected graphs without loops and multiple
edges. For a graph G, V(G) and E(G) denote the set of all vertices and edges, respectively. For a graph G, the degree of a
vertex v is the number of edges incident to v and denoted by deg.(v).

A topological index Top(G) of a graph G, is a number with this property that for every graph H isomorphic to G,
Top(H) = Top(G). The Wiener index is the first and most studied topological indices, both from theoretical point of view
and applications. It is equal to the sum of distances between all pairs of vertices of the respective graph, see for details [3,4,
19].

The Zagreb indices have been introduced more than thirty years ago by Gutman and Trinajestic, [6]. They are defined as:

Mi(G) = ) deg(v)?,

VeV (G

My(G) = Y deg(u)deg(v).

uweE(G)

We encourage the reader to consult [1,7,16,22-24] for historical background, computational techniques and mathematical
properties of Zagreb indices.

The Cartesian product G x H of graphs G and H has the vertex set V(G x H) = V(G) x V(H) and (a, x)(b, y) is an edge of
GxHifa=hbandxy € E(H),orab € E(G) andx = y.If G, G;, ..., G, are graphs then we denote G; x - - - X G, by ®?=1 Gi.
In the case that G; = G; = --- = G, = G, we denote Q|_, G; by G". The Wiener index of the Cartesian product graphs
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was studied in [5,17]. In [15], Klavzar, Rajapakse and Gutman computed the Szeged index of the Cartesian product graphs.
The present authors, [ 10-14,20], computed some exact formulae for the hyper-Wiener, vertex P, edge Wiener, edge Pl and
edge Szeged indices of some graph operations.

The join G = G; + G, of graphs G; and G, with disjoint vertex sets V; and V, and edge sets E; and E; is the graph union
G1 U G, together with all the edges joining V; and V5. 1If G = H + - - - + H then we denote G by nH.

n times

The composition G = G1[G,] of graphs G; and G, with disjoint vertex sets V; and V, and edge sets E; and E; is the graph
with vertex set V; x V5 and u = (uy, v1) is adjacent with v = (u,, v,) whenever (u; is adjacent with u;) or (u; = 1 and v,
is adjacent with v, ), see [8, p. 185].

The disjunction G Vv H of graphs G and H is the graph with vertex set V(G) x V(H) and (u;, vq) is adjacent with (uz, v;)
whenever u u; € E(G) or viv, € E(H).

The symmetric difference G @ H of two graphs G and H is the graph with vertex set V(G) x V(H) and E(G @ H) =
{(u1, ux)(vy, v2) | uyv € E(G) or upv, € E(H) but not both}. In [17], Sagan et al. computed some exact formulae for the
Wiener polynomial of various graph operations containing Cartesian product, composition, join, disjunction and symmetric
difference of graphs. In [10], the present authors computed vertex and edge Pl indices of the join and composition of graphs.
Here the Padmakar-Ivan (PI) index of a graph G is defined as PI(G) = ZeeE(G) [neu(e|G) + ng, (e|G)], where n.,(e|G) denotes
the number of edges lying closer to the vertex u than the vertex v, and n, (e|G) is the number of edges lying closer to the
vertex v than the vertex u. In this definition, edges equidistant from both ends of the edge e = uv are not counted, see
for detail [20,9]. The aim of this paper is to continue this program for computing the Zagreb indices of these operations on
graphs.

Throughout this paper our notation is standard and taken mainly from [2,18]. K, denotes a complete graph on n vertices.
IF H and G are graphs in which V(H) C V(G) and E(H) C E(G) then we call H to be a subgraph of G. H is called a spanning
subgraph of G, if V(H) = V(G). If H is a spanning subgraph of G then we write H <, G. A graph G is called to be quasi
multi-walled nanotorus (q-multi-walled nanotorus as short), if G is isomorphic to the Cartesian product of a path P, and an
arbitrary nanotorus T, see [21].

2. The first Zagreb index of graph operations

In this section, some exact formulae for the first Zagreb index of the Cartesian product, composition, join, disjunction and
symmetric difference of graphs are presented. We begin with the following crucial lemma related to distance properties of
some graph operations.

Lemma 1. Let G and H be graphs. Then we have:

(a)
V(G x H)| = [V(GV H)| = [V(G[H])|
= V(G ® H)| = IV(GOIIVH)I,
[E(G x H)| = [E(G)|IV(H)| + [V(G)|E(H)I,
[E(G+ H)| = |[E(G)] + [EH)| + V(OIIV(H)I,
IE(GIHD| = [E@IIVH)? + [EHDIIV(G)I,
E(G v H)| = [E@IVH)I® + [EHIIV(G)* — 2|E(G)|[EH)],
[E(G® H)| = |[EO|IVH)* + [EHIIV(G)|* — 4[E(G)||E(H)I.
(b) G x H is connected if and only if G and H are connected,
(c) If (a, c) and (b, d) are vertices of G x H then dcy((a, ¢), (b, d)) = d¢(a, b) + dy(c, d),

C
(d) The Cartesian product, join, composition, disjunction and symmetric difference of graphs are associative and all of them are
commutative except from composition.

(e)
0 u=v
_ )1 uveE(G)oruv e E(H)or
QoW V) =1 cv(G) & v € V(H))
2 otherwise,
(f)
do(a,c) a#c

2 a=c&bd & E(H),
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€3]
0 a=c&b=d
doewn((a, b), (c,d)) = 31 ac € E(G) or bd € E(H)
2 otherwise,
(h)

0 a=c&b=d
dean((a, b), (c,d)) = 11 ac € E(G) or bd € E(H) but not both
2 otherwise,

Ei) degcyy((a, b)) = degg(a) + degy, (D),

lj) dege ((a, b)) = |[V(H)| degc(a) -+ degy,(h),
k

deg.(a) + |V(H)| aeV(G)
degeen (@) = {degﬁ(a) +IVG)| aeVH),

(1) degg y((a, b)) = |V(H)| degg(a) 4 |V(G)| degy (b) — deg(a) degy (b),
(m)degequ((a, b)) = |[V(H)| degs(a) + |V(G)| degy (b) — 2 degq(a) degy (b).

Proof. The parts (a-e) are consequence of definitions and some well-known results of the book of Imrich and Klavzar, [8].
For the proof of (f-m) we refer to [13]. O

From now on, we write deg(u) as deg_(u), if there is no confusion.

Theorem 1. Let Gy, Gy, ..., G, be graphs with V; = V(G) and E; = E(G)),1 < i < nandV = V(®;1 1 Gi). Then
E
My (®L; G) = IVI iy W +41VI X0, oy ohfey In particular, My(G™) = nlV (©)1"2(My (G) V(G| +4(n—DIE@)P).

Proof. We first prove the case n = 2. By Lemma 1(i), deg;, «c,(a, b) = degg, (a) + degg,(b). So, M1(Gy x Gp) =
D aev, 2vev,ldegg, (@)% + degg, (b)* + 2 degg, (a) degg, (D)] = [V1IM1(G2) + |Va|Mi(Gy) + 8|Ei||Ez|. On the other hand,
by Lemma 1(a) and an inductive argument, one can see that |E(Qi_, G)| = [V| > ., I“\ixl and |V| = [, [Vil. We now
apply Lemma 1(d) to deduce that

(@e) - (@2 )

Mi MG | 4 i EIEL | IV oy 48l @G |
1\ln i n
i=1 |V1 i#j,1,j=1 |vl||vj| |Vn| i=1
M (G 1) |ElEl
= |V| 4 .
Z Vi #,.Zw.:zl Villvi

The second part is a simple substitution of above equation. O

It is easy to see that M1(C,) = 4n,n > 3, M{(P;) = 0 and M,(P,) = 4n — 6, n > 1. Furthermore, if G is a connected
graph with n vertices, then M;(G) < (n — 1)?n, with equality if and only if G is isomorphic to a complete graph with n
vertices. Suppose T, denotes the set of all trees with exactly n vertices. Then it is easy to see that the path P, and the star S,
have the minimum and maximum of M, in T, respectively. On the other hand, if H is a subgraph of G then M, (H) < M;(G).
Therefore, the minimum of M; on the set of all connected graphs with n vertices is the same as the minimum of M; on T (n).
This implies that P, and K, take the minimum and maximum Zagreb index M; on the set of all connected graphs with n
vertices.

Example 1. Consider the graph G whose vertices are the N-tuples b1b, - - - by with b; € {0, 1,...,n; — 1}, n; > 2, and let
two vertices be adjacent if the corresponding tuples differ in precisely one place. Such a graph is called a Hamming graph.

It is well-known fact that a graph G is a Hamming graph if and only if it can be written in the form G = ®f’=] K, and so
the Hamming graph G is usually denoted as Hy, . »,. Apply the previous theorem to compute the first Zagreb index of a
Hamming graph. Then M,(G) = M](@)i=1 Ky) = (]_[i=1 n,»)(ZlN:](n,» — 1))%. The case that ny = ny = --- = ny = 2, the

graph G is well-knows as a hypercube of dimension N and denoted by Qy. By our calculation, M;(Qy) = N22V.

Example 2. In [20], the authors computed Pl index of C4 tubes and tori. In this example, we compute the first Zagreb index
of these molecular graphs. Suppose R and S denote a C, tube and torus, respectively. ThenR = P, x G, and S = G, x Gy,
k, m > 3 and n > 2. By above calculations and Theorem 1, we have M;(R) = 16mn — 14m and M;(S) = 16mk.
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Fig. 1. The graph of a nanotorus.

Example 3. Let T = T[p, q] be the molecular graph of a nanotorus, Fig. 1. Then T has exactly pq vertices, 3/2(pq) edges,
M(T) = 9|V (T)| and for a g-multi-walled nanotorus G = P, x T,M1(G) = (13n—6)|V(T)|+8(n—1)|E(T)| = pq(25n—18).

Theorem 2. Let Gy, Gy, ..., G, begraphs withV; = V(G), E; = E(G), 1 <i=nG=G+G +---+G,andV = V(G).
Then
n
M1(G) = Z(IVH(Gi) + Vil (VI = ViD? + 4IEI(V] — [Vi]).
i=1

In particular, M;(nH) = nM;(H) + n(n — D?|VH|? + 4n(n — DIE||V(H).

Proof. By Lemma 1(d),G = G;+ (G1+---Gi—1 +Giyg1+---+Gp) and |V| = ZL] [Vil. So deg(v) = degg (v) + |V| —|Vil,
foreachv € Vi. Thus My (G) = Y1, 31 (degq, (v) + Xy IVeD? = S0 (M1 (G) + VIV = IViD2 +AIE (V| = [Vil)).
The second part is a direct consequence of above equation. O

Example 4. Consider a complete n-partite graph G = Kp, m,,..m, containing v = |V(G)| vertices, Fig. 2. By definition of
this graph, V = V(G) can be partitioned into subsets V1, V5, ..., V, of V such that for every i, 1 < i < n, there is no edge
between the vertices of V;. It is easy to see that Ky, m,. . m, is the join of n empty graphs Gy, . .., G, withexactly my, ..., m,

vertices, respectively. So by previous theorem M; (K, m,...m,) = (O m)® + Y m? — 203" m) (3. m?).

Theorem 3. Let G and H be graphs. Then

(a)
Mi(GIH]) = [V(H)IPM1(G) + [V(G)IM1(H) + 8IVH)IIE(H)IE(G)],
(b)
Mi(GV H) = (IVOIIVH)I? — AEEEIIVH) DM (G) + M (HM(G) + (VHIV(G))* — 4EG)|IV(G) M1 (H)
+BIEGEMDIV(GIIVH)I,
(©
Mi(G®H) = (V(GIIVH)? — 8IE(H)|IV(H))M1(C) + 4M1(G)M; (H)
+ (IVH)IV(G))> = BIE(G)IV(G)IM:(H) + 8IE(G)|[E(H)| V(G| V(H)I.
Proof. Apply Lemma 1(j), we have Mi(G[H]) = > ..y Zbev(H)[|V(H)|2 deg(a)?> + 2|V(H)|degc(a)degy(b) +

deg, (h)?] = |VH)|>M1(G) + |V(G)| My (H) + 8|V(H)||E(H)||E(G)]. To prove (b) and (c) it is enough to apply Lemma 1(1 &
m) and similar arguments as above. 0O
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Fig. 2. The complete n-partite graph.

The line graph L(G) of a graph G is a graph such that each vertex of L(G) represents an edge of G and any two vertices of
L(G) are adjacent if and only if their corresponding edges share a common endpoint in G. Suppose L°(G) = G, L' (G) = L(G)
and I'(G) = L(L""'(G)). Then we have 2|E(L"(G))| = My(L"'(G)) — 2|E(L™'(G))|. To see this, we notice that every
edge of L"~1(G) is a vertex of L*(G) and so 2ovevancy 988 (V) = D uueran-1(cy[de8m-1(c) (u) + degp-1 g (v) — 2] =
M; (" (®) — 2|E(L™(G))|. Thus using the values of M{(G), M1(L(G)), ..., M;(L""(G)), one can compute the size of
E(L(G)), E(L*(G)), ..., E(L"(G)).

In the end of this section we prove a simple inequality between PI(G), M1(G) and |E(L(G))|. To do this, we assume that
V(G) = {Ul, Vayenny vn}.Then

PIG) = ) [Neu(€]G) + ey (e|G)]

ecE(G)

D" (deg(v) + deg(u) — 2)

uveE(Gy

v

> deg(v)? - 2|E(G)]
i=1

= M1(G) — 2|E(G)| = 2|E(L(G))|.

3. The second Zagreb index of graph operations

In this section, the second Zagreb index of the Cartesian product, composition, join and disjunction of graphs are
investigated. We begin again with the Cartesian product of graphs.

Theorem 4. Let G and H be graphs. Then My(G x H) = |V(G)|Ma(H) + |V (H)IM2(G) + 3|E(H)|M;(G) + 3|E(G)|M;(H).
Proof. By Lemma 1(i),

MaGxH)= ) dego(@ b)degou(c,d)
(a,b){c,d)eE(GxH)

D) (degg(u) + degy (b)) (degq(u) + degy (d))

ueV(G) bdeE(H)
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+ Y Y (ege(@) + degy (v)(degg(c) + degy (1))

veV(H) aceE(G)
= |V(G)IMx(H) + [V(H)|M2(G) + 3|E(H)[M1(G) + 3|[E(G)IMy(H). O

A graph G is called r- regular if for every u, v € V(G), deg(u) = deg(v) = r. It is clear that if G is r- regular then

M,(G) = %M1(G) = 2 ,where n = |V(G)|. In the special case that r = n — 1 or 2, we have My(K,,) = M and
My(C,) = M(C,) = 4n. On the other hand, M (P,) = 4(n — 2), n > 2. Moreover, M,(P;) = 0and M,(P,;) = 1.

Corollary. Let Gy, Gy, ..., G, be graphs with V; = V(G) and E; = E(G),1 < i < nandV = V((@L1 Gi) and
E = £l - hen M (@1 6) = VI (48 + 3ot — M a7 B
My(H") = n|V(H)["(IV(H)’M2(G) + 3(n — DIEE)IV(H)IM1(H) + 4(n — 1)(n — 2)|[EH)?).

Proof. By Theorems 1 and 4 and an inductive argument, we have

n+1 n
My <® Gi> =M, ((X) G x GnH)
i=1

i=1

MyG) | & IEl VI BB E
14 |4 + 4V Rt Ll
= Vel "; Vil ; MO\~ e vl Z VilVlIVal

i, 12K J#k

(G) " |E|E|
+|V|Mz(cn+1)+3|E|M1<an>+3|En+1|(MZ |‘V‘ +av) Y Vi
1 illvj

i, j=1
n+1
Gi) VardllEl + [Ena IV IVIIVaga || E;
|V||vn+1|z[ M;(G) +3M](G)(| allELE IEallV]_ V1Val |)]
i=1 Vil Vil |Vil
n+1
|Ei||E;| | Ex|
+4|V||Vrsal —_—
' Z VilIV; Vil
itk ok
For the second part, it is enough to substitute Gy, ..., G, byH. O

Example 5. In Example 2, we compute the first Zagreb index of C4 tubes and tori. In this example, the second Zagreb index
of these molecular graphs are computed. With notation as Example 1, we have M, (R) = 32mn — 38n and M,(S) = 32mk,
m,n, k> 3.

Example 6. In Example 1, the first Zagreb index of Hamming graphs are computed. By previous corollary, one can see that

l—[m: n
Mo (Hiny my...omg) = — (Z(mz—l)%z Z m(mz—l)rm]—n)

i#f.ij=1
m (-,
+ =5 > (mi— Dmy— Hme— 1)
v n

Example 7. Let T = T[p, ¢] be the molecular graph of a nanotorus, Fig. 1. Then M»(T) = 9|E(T)| = %pq and for a g-multi-
walled nanotorus G(n) = P, x T, M>(G(n)) = (31n — 35)|V(T)| + 21n — 18)|E(T)| = %(125n — 124), whenn > 2.0n
the other hand, M3(G(1)) = %pq and M,(G(2)) = 24|E(T)| + 28|V(T)| = 64pq.

Theorem 5. Let Gy, G, ..., G, be graphs withV; = V(G), E; = E(G), 1 <i<nG=G+G +---+G,andV = V(G).
Then
n ] n
My(G) = Z[M2(Gi) + (V] = ViD(M1 (G + (V| — IViDIED] — 3 Z[2|Ei| + ViI(V] = Vi) T
i=1

i=1

2
1 n
+5 [Z(zum +IVil(v] - |vi|>>} :
i=1
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In particular,if Gy = - - = G, = HthenMy(nH) = an(H)—l—n(n—1)|V(H)|(M](H)+(n—1)|V(H)||E(H)|)+(;) QIEH) |+
(n—DIVH)P.

Proof. There are two type of edges in G; + - - - + G,. Both of the ends of a first type edge belong to G;, for some i. An edge of
second type connects a vertex of G; to a vertex of G, i # j. So by Lemma 1(k) and this fact that G = G; + (G; + - - Gi_1 +
Git1+ - - + Gy), degg(v) = degg, (v) + |V| — |Vi], for each v € V;. Thus

Ma(G) = ) deg(a) degg(b)

abeE

= Z(degci(u) + V| — Vi) (degg, (v) + [V — Vil
=1 wek;

1 ]
+o D DD (g )+ VI — Vi) (degg,(v) + VI — VjD

i#i.1,j=1 ueV; veV;

= Y (Ma(G) + (VI — VDM (G + [E(V] = Vi)
i=1

1 n
+3 D7 RIEI+ VAV = [VDIZIE] + VIAV] = VDI,
i, i, j=1

as desired. The second part is a direct consequence of above equation. 0O

Example 8. Consider a complete n-partite graph G = Ky, m,...m, containing v = |V(G)| vertices. By definition, Kp, m,...m,
is the join of n empty graphs G1, . .., G, with exactly my, ..., m, vertices, respectively. So by Theorem 5, M2 (Kin; iy, mg) =
((ZF:] mi)Z*ZL] m12 )

5 .

Theorem 6. Let G and H be graphs. Then
(a)
M2(G[H]) = [V(H)*M2(G) + [V(G)[Ma(H) + 3|V (H)*|E(H)|IM1(G)| + 2|V (H)||E(G)IM;(H) + 4|E(G)|[E(H)?,
(b)
Ma(G Vv H) = ((IV(G)* = 2[E(G)|)* — 2|V(G)’[E(G) )M (H)
+ ((V(H) > = 21EH)? = 2[V(H) PIE(H)|)Ma(G)
+ QIVOPIVDIIEG)| — 4[E(G) PV (H))M; (H)
+ QIVEPIV(G)IIEH)| — 4EH) V(G )M:(G)
— V(G IV (H) My (H)M1(G) + 2|V (H) M2 (G)M; (H)
+2|V(G) My (H)M:(G) — 2My(H)M2(G) + 4IE(H) [|E(G)|(IV (H)PIEG)] + [V(G)PIEH))).

Proof. (a) By Lemma 1(j),
MyGIHD = ) ) (IV(H)|degg(w) + degy () (IV (H)| degg(w) + degy (v))

weV(G) uveE(H)
+ 3 3 S (V(H)| degq(a) + degyy () (IV(H)| degg(b) + degy (v))
abeE(G) veV(H) ueV(H)
= [VH)[*M2(G) + IV(G)Ma(H) + 3|V (H) PIEH)|IM1(G)| + 2|V (H)IE(G) My (H) + 4E(G)|E(H) .
(b) By Lemma 1(1), we have
MyGVHY= Y > > degoyla,bydegeu(c.d)+ Y Y > deggy(a, b)degeu(c, d)

aeV(G) ceV(G) bdeE(H) beV(H) deV(H) accE(G)

—2 Y > deggu(a. b)deggy(c, d)

aceE(G) bdeE(H)

=3 Y 3 UVOIIVH)I(dege(a) degy (d) + degy (b) degg(c)) + degg(a) degs(c) deg, (b) degy (d)

acV (G) ceV(G) bdeE(H)
+ |V (H)|? deg(a) degg () + |V (G)I” degyy (b) degyy (d) — |V (H)| degg(a) degq(c) (degy (d) + degy (b))
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— |V(G)| deg,, (b) degy (d) (deg(a) + dego ()] + D Y Y [IV(GIIV(H)|(degs(a) deg, (d)

beV(H) deV(H) aceE(G)
+ degy (b) deg(c)) + deg(a) deg(c) degy (b) degy (d) + |V(H)|* deg.(a) dega(c) + |V(G)|* degy, (b) degy (d)
— [V(H)| deg.(a) deg,(c)(deg, (d) + deg, (b)) — [V(G)[ degy (b) degy (d)(degq(a) + deg(c))]

— YY) UVAOIIV(H)|(degg(a) + degy(d))(degy (b) + degg(c)) + 2 deg(a) degg(c) degy (b) degy (d)
ac€E(G) bdeE(H)

+2|V(H)I? degg(a) dege(c) + 2|V (G)|* degy (b) degy () — 2|V (H)| degg(a) degc(c)(degy (d) + degy (b))
—2|V(G)| degy (b) degy (d)(degq(a) + deg(c))],

which completes the proof. 0O

Finally, using a similar method, one can prove the following exact formula for the second Zagreb index of symmetric
difference of graphs:

Theorem 7. Let G and H be graphs. Then

My (G® H) = (VG — 2IE(G))* — 4V(G)PIEG) DM (H) + ((VH)* — 21EH)® — 4IV(H) P IE(H))M2(G)
+ QIV(GPIVIEDIEG)] — SIEG) P IVH) DM (H) + QIVH) PIV(GIIEH)| — 8IEH) IV (G) M (C)
= 2|V(G)|IV(H)IM1 (H)M1(G) + 8|V (H)|M2(G)M; (H)
+ 8|V(G) Mo (H)M;(G) — 16My(H)M3(G) + 4[E(H)|[EQ)|(IVH)PE(G)| + V(G P IE(H) )

We end the paper with the following simple but elegant lemma:

Lemma 2. Let H be a subgraph of G then M1(H) < M;(G) and My(H) < My(G).

Using Lemma 2, one can see that for arbitrary connected graphs G and H, since G x H <, G[H] <, GV H,M{(G x H) <
Mi(G[H]) < Mi(G Vv H), M2(G x H) < My(G[H]) =< My(G Vv H), Mi(G x H) < Mi(H[G]) < M(G Vv H) and
My(GxH) < My(H[G]) < M(GVvH).Ontheother hand, GxH <, GEH <, GvH andsoM(GxH) < M1(GBH) < M,(GVH)
and M (G x H) < M(G & H) < M,(G v H). By previous lemma, clearly K, has the maximum Zagreb index M, on the set
of all connected graphs with n vertices. It is also easy to prove the path P, and the star S, have the minimum and maximum
of M, between n-vertex trees, respectively. Therefore, by Lemma 2, the minimum of M, on the set of all connected graphs
with n vertices is the same as the minimum of M, on n-vertex trees.
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