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Topological Indices


Chapter 4

 TOPOLOGICAL  INDICES


A single number, representing a chemical structure, in graph-theoretical terms, is called a topological descriptor. Being a structural invariant it does not depend on the labeling or the pictorial representation of a graph. Despite the considerable loss of information by the projection in a single number of a structure, such descriptors found broad applications in the correlation and prediction of several molecular properties1,2 and also in tests of similarity and isomorphism.3,4 


When a topological descriptor correlates with a molecular property, it can be denominated as molecular index or topological index (TI).


Randi(5 has outlined some desirable attributes for the topological indices in the view of preventing their hazardous proliferation.


List of desirable attributes for a topological index
1. Direct structural interpretation

2. Good correlation with at least one property

3. Good discrimination of isomers

4. Locally defined

5. Generalizable to higher analogues

6. Linearly independent

7. Simplicity

8. Not based on physico-chemical properties

9. Not trivially related to other indices

10. Efficiency of construction

11. Based on familiar structural concepts

12. Show a correct size-dependence

13. Gradual change with gradual change in structures

Only an index having a direct and clear structural interpretation can help to the interpretation of a complex molecular property. If the index correlates with a single molecular  property  it  could indicate the  structural composition of that property.5  If it is 

 
If it is sensible to gradual structural changes (e.g., within a set of isomers) then the index could give information about the molecular shape. If it is locally defined, the index could describe local contributions to a given property. If the index can be generalized to higher analogues or it can be built up on various bases (e.g., on various matrices4,6) it could offer a larger pool of descriptors for the regression analysis.


Among the molecular properties, good correlation with the structure was found for: thermodynamic properties (e.g., boiling points, heat of combustion, enthalpy of formation, etc.), chromatographic retention indices, octane number and various biological properties.


Thus, a topological index converts a chemical structure into a single number, useful in QSPR/QSAR studies. More than a hundred of topological descriptors were proposed so far and tested for correlation with physico-chemical (QSPR) or biological activity (QSAR) of the molecules.



In the construction of a TI, two stages can be distinguished:7 (a) the assignment stage and  (b) the operational stage.


(a) In the assignment stage, the topological information is encoded as local invariants (LOIs - LOcal Invariants). The LOIs can be pure topological or weighted by chemical properties (e.g., atomic properties, when the chemical nature of vertices is needed).


(b) In the operational stage, the LOIs are mathematically operated for producing global (molecular) invariants as single number descriptors of a structure. They are referred to as topological indices. The operational stage may (or may not) encompass topological information.  Often the operation is the simple addition. It is a natural operation, since many molecular properties are considered to be additive. There exist more sophisticated global invariants (e.g., the eigenvalues), as a result of complex matrix operations. In such cases, the two stages are indistinguishable. 


When a TI shows one and the same value for two or more structures, it is said that TI is degenerated. The degeneracy may appear both in the assignment and the operational stages.7 The assignment degeneracy appears when non-equivalent subgraphs (i.e., vertices) receive identical LOIs or when non-isomorphic graphs show the same ordered LOIs (e.g., the same distance degree sequence, DDSi). The operational degeneracy is seldom encountered (e.g., when simple operations act on weakly differentiated LOIs) and leads to the same value of TI for non-isomorphic graphs which do not show assignment degeneracy. 

The discriminating sensitivity of a TI is a measure of its ability to distinguish among nonisomorphic graphs by distinct numerical values. An evaluation of this sensitivity, s, on a fixed set, 

, of nonisomorphic graphs can be achieved by formula 
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A criterion used in the classification of topological indices is that of the matrix which  supplies  the  topological  information1  (the info matrix),  in the assignment stage. 

When the LOIs are assigned on combined matrices (see the Schultz index) or the two stages are indistinguishable, such a classification becomes difficult. Other criterion would take into account the mathematical operations involved in achieving a certain index. In the following, these two criteria will be used in an attempt of classifying the main topological indices.

4.1.  Indices  Based  on  Adjacency  Matrix

4.1.1. The Index of Total Adjacency 


The simplest TI is the half sum of entries in the adjacency matrix A:
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It was called the total adjacency index8 and is equal to the number of edges, Q, in graph. Figure 4.1 shows the matrix A and the corresponding index for 2-Methylbutane, G4.1.
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Figure 4.1. Adjacency matrix and A index for the graph G4.1.

4.1.2. The Indices of Platt, F, Gordon-Scantlebury, N2, and Bertz, B1

Platt9,10 has introduced the total adjacency of edges in a graph, as the F index
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      (4.2)
where EA is the Edge Adjacency matrix. This index is twice the Gordon - Scantlebury11 index, N2 , defined as the number of modes in which the acyclic fragment C‑C‑C may be superposed on a molecular graph


[image: image8.wmf]i

i

P

N

)

(

å

=

2

2

                         





      (4.3)


This index equals the number of all paths of length 2, P2 , in graph. The F index is also twice the Bertz index,12 B1 , defined as the number of edges in the line graph L1(G). The last one can be calculated combinatorially from the vertex degree, (i . For the graph G4.2, the calculus is given in Figure 4.2.
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Figure 4.2. Bertz index B1, for the graph G4.2.

4.1.3. The Indices of ZAGREB Group


First TIs based on adjacency matrix (i.e., based on connectivity) were introduced by the Group from Zagreb13,14 
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where (i, (j ‑ are the vertex degrees for any two adjacent vertices. For the graph G4.2  one calculates:

M1  = 4 x 12  + 2 x 32  + 22 = 26;
M2  = 3(1 x 3) + (3 x 3) + (2 x 3) + (1 x 2) = 26

4.1.4. The Randi( Index, ( 


The ( index was introduced by Randić15 for characterizing the branching in graphs: 
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(  - called the connectivity index, is calculated on edge, by using the vertex degrees of its endpoints (see Figure 4.3 (a)).  The relatedness of (  with  M2 is immediate.  

	[image: image192.wmf]1

2

3

5

4

                                            
                                           G4.3
	                     G4.3 {( i}



	(a)   ( = 5(1 x 3) -1/2 + 2(3 x 3) -1/2 = 3.5535
	(b) ( = (1/2) [5 x 0.5774 + 2 x 1.4880 + 

               1.2440]  = 3.5535
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  Figure 4.3. Randić Index ( for the graph G4.3 :  calculated on edge (a) and on vertex (b). 

Diudea et al.16 have defined ( on vertex
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Such a definition was used in connection with some fragmental descriptors (see Sect. 4.7). For G4.3   the calculus is given in Figure 4.3 (b).


The (  values decrease as the branching increases within a set of alkane isomers. They increase by the number of atoms in the molecular graph.


This index was shown to correlate with various physico-chemical (e.g., enthalpy of formation, molar refraction, van der Waals areas and volumes, chromatographic retention index etc.) and biological properties.17 

4.1.5. Extensions of (  Index

4.1.5.1. Kier and Hall Extensions

Kier and Hall17 have generalized the ( index , considering the edge as the simplest path (i.e., the path of length 1) and extending the summation over all paths of length e:
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where 
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 are the vertex degrees along the path pe. Indices e( are used as a family of structurally related topological indices5,18 Other subgraph based connectivities have been developed.17 


The authors have also extended the validity of ( to heteroatom-containing molecules. They introduced the  
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 valencies (see Sect. 8.3.2.1) in the construction of the analogous index (v:
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The 
[image: image19.wmf]v
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values and other electronic and topological considerations are assembled in the electrotopological state index.19,20

4.1.5.2. Estrada Extensions


Estrada21 changed the vertex degree 
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where the summation runs over all r-pairs of adjacent edges. It is obvious that the 
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 index of a graph equals the connectivity index of the corresponding line graph: 
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 index was extended to heteroatom-containing molecules22 (with the Pauling23 kC-X  parameter for calculating the weighted edge degrees 
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) and to a 3D-descriptor24 counting an electron charge density connectivity. These indices showed good correlating ability with the molar volume21,22  (of  alkanes and a mixed set of ethers and halogeno-derivatives) and with the boiling points of alkenes.24
4.1.5.3. Razinger Extension


Razinger25 introduced the vertex degrees of higher rank eWi, in construction of (eW  index6
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Diudea16 has defined this index on vertex (see also eqs 4.7 and 4.8):
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Values ( eWi  and ( eW  for G4.3  are shown in Figure 4.4. Indices ( eW are also used as a family of topological indices. 

Graphs G4.3 {eWi }:
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 Graphs G4.3 {( eWi }:
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         ( 1W = 3.5534                    ( 2W = 1.5890
             ( 3W = 0.7548

Figure 4.4. Indices ( eWi and ( eW (e = 1‑3) for the graph G4.3.


Indices ( eW  can be weighted cf. the algorithms eWM (eqs 2.5 - 2.8) or eEM (eqs 8.39 - 8.41) thus accounting for the chemical nature of atoms and edges.

4.1.5.4. Diudea Extensions


Diudea  and  Silaghi26 used the group electronegativity valencies, denoted  EVG  (see Sect 8.3.2.1 - eqs 8.30 - 8.32) in constructing a ( analogue index, DS (defined on vertex):
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The DS index shows excellent correlating ability.26 It is exemplified in Figure 4.5 for the graph G4.3. 
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Figure 4.5. (a) DS and (b) EC indices  for the graph G4.3.

A similar index, ECP/N , was built up by using the EC electronegativities27 (see Sect 8.3.2.1 and Table 8.2)
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The subscript symbol is P for +1/2 and N for ‑1/2. Values of these indices are given in Figure 4.5 (b) for the graph G4.3.

Excellent correlations of  the EC indices with some physico-chemical and biological properties of aliphatic alcohols, amines and halogeno-derivatives were obtained.27 

4.2.  Indices  Based  on  Wiener,  Distance  and  Detour Matrices

4.2.1. Wiener-Type Indices


Wiener proposed in 1947 the first structural index in connection to some studies on the thermodynamic properties of hydrocarbons (i.e., acyclic structures).28-31  W index, (called by its author the path number and eventually referred to as the Wiener index/number), has later become one of the central subjects which focused the attention of theoretical chemists. Extensive studies have been performed for finding correlations with various physico-chemical and biological properties. In this respect, the reader can consult three recent reviews.32-34 

4.2.1.1. Main Definitions 


In acyclic structures, the Wiener index, W,28 and its extension, the hyper-Wiener index, WW,35 can be defined as 

W = W(G) = (e Ni , e  Nj, e





   (4.19)


WW = WW(G) = (p Ni, p  Nj, p





    (4.20)

where Ni  and Nj denote the number of vertices lying on the two sides of the edge e or path p, respectively, having the endpoints i and j. Eq 4.19 follows the method of calculation given by Wiener himself:28  "Multiply the number of carbon atoms on one side of any bond by those on the other side; W is the sum of these values for all bonds".


 The edge contributions, Ni,e Nj,e    and the path contributions, Ni,p Nj,p, to the global index are just the entries in the Wiener matrices,36,37 We and Wp , from which W   and WW  can be calculated by


W = (1/2) ( i ( j [We]i j





   (4.21)

    
WW = (1/2) ( i ( j [Wp]i j





   (4.22)



The indices W  and WW  (calculated according to eqs 4.19-4.22) count all external paths passing through the two endpoints, i and j, of all edges and paths,  respectively, in an acyclic graph. 


Other main definitions38,39 of the Wiener-type indices are based on the distance matrices, De and Dp 


W = (1/2) ( i ( j [De]i j






   (4.23)

    
WW = (1/2) ( i ( j [Dp]i j
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Recall that Wiener28 has calculated the path number W  "as the sum of the distance between any two carbon atoms in the molecule, in terms of carbon-carbon bonds." In other words, W is given as the sum of elements above the main diagonal of the distance matrix, as shown by Hosoya.38  In opposition to the edge/path contribution definitions, (see eqs 4.19-4.22), relations (4.23) and (4.24) are valid both for acyclic and cycle-containing structures. 

It is useful to indicate in the symbols of the Wiener-type indices the matrix on which they are calculated, by a subscript letter (see below). 

The hyper Wiener index WWDp (calculated according to eq 4.24) counts all internal paths existing between the two endpoints, i and j, of all paths of a graph.39 In acyclic graphs, the WWWp values (cf. eq 4.22) are identical to WWDp values (cf. eq 4.24),  by virtue of the equality of the sum of all internal and external paths, with respect to all pairs of vertices, i and j. 40


4.2.1.2. Other Definitions


Attempts have been made to express W in terms of edge contributions and to extend such definitions (4.19) to cycle-containing structures41 - 44 
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where #g(G) is the number of different geodesics between the endpoints of g and sum is over all geodesics containing e and next over all e in G.


Klein, Lukovits and Gutman40 have decomposed the hyper-Wiener number of trees by a relation that can be written as:
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where  
[image: image38.wmf])
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 is the trace of the squared distance matrix. Relation (4.26) is used as a definition for the hyper-Wiener index of cycle-containing graphs.


Expansion of the right-hand side of eq 4.24, by taking into account the definition of Dp matrix,39, 40 results in a new decomposition (i.e., a new definition) of the hyper-Wiener index WW 
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The first term is just the Wiener index, W . The second term is the non-Wiener part of the hyper-Wiener index, or the contributions of Dp  when  ( p ( > 1. It is denoted by W( 
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Thus, the hyper-Wiener index can be written as


WW  =  W + W(






   (4.29)

 W(  is related to 
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W( is correlated 0.99975 with WW  in the set of octanes. Wiener indices express the expansiveness of a molecular graph.28, 32 Values of W and WW indices for a set of acyclic and cyclic octanes are presented in Table 4.1 (see also Table 4.5). These  values decrease as the branching increases within a set of isomers (see entries 1-18).

Table 4.1 Wiener-Type Indices of a Set of Acyclic and Cyclic Octanes.

	No.
	Graph
	W
	WW
	w
	ww
	No.
	Graph
	W
	WW
	w
	ww

	1
	P8
	84
	210
	84
	210
	17
	233MP5
	62
	111
	62
	111

	2
	2MP7
	79
	185
	79
	185
	18
	2233MP4
	58
	97
	58
	97

	3
	3MP7
	76
	170
	76
	170
	19
	112MC5
	56
	92
	106
	278

	4
	4MP7
	75
	165
	75
	165
	20
	113MC5
	58
	100
	104
	266

	5
	3EP6
	72
	150
	72
	150
	21
	IPC5
	62
	114
	106
	286

	6
	25MP6
	74
	161
	74
	161
	22
	PC5
	67
	135
	111
	315

	7
	24MP6
	71
	147
	71
	147
	23
	11MC6
	59
	103
	119
	337

	8
	23MP6
	70
	143
	70
	143
	24
	12MC6
	60
	106
	124
	362

	9
	34MP6
	68
	134
	68
	134
	25
	13MC6
	61
	110
	123
	355

	10
	3E2MP5
	67
	129
	67
	129
	26
	14MC6
	62
	115
	122
	349

	11
	22M2P6
	71
	149
	71
	149
	27
	EC6
	64
	122
	124
	368

	12
	33M2P6
	67
	131
	67
	131
	28
	C8
	64
	120
	160
	552

	13
	234M3P5
	65
	122
	65
	122
	29
	123MC5
	58
	99
	109
	290

	14
	3E3MP5
	64
	118
	64
	118
	30
	1M2EC5
	61
	110
	111
	307

	15
	224MP5
	66
	127
	66
	127
	31
	1M3EC5
	63
	119
	109
	294

	16
	223MP5
	63
	115
	63
	115
	32
	MC7
	61
	109
	142
	451


M = Methyl;  E = Ethyl;  P = Propyl;  IP = Isopropyl;

PN = path of length N;  CN =  N-membered cycle.

4.2.1.3. Wiener and Hyper-Wiener Indices of Some Particular Graphs

Path and Tree Graphs

In path graphs, PN , the combinatorial analysis lead to the following relation for the Wiener index45-47 
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In trees, TN, the branching introduced by the vertices r, of degree ( r > 2, will lower the value of W, as given by the Doyle-Graver formula45, 48
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where n1, n2,..., n( r are  the number  of vertices in branches attached to the vertex r;  n1 + n2 +...+ n( r + 1 = N, and summation runs as follows: first summation over all branching points in graph and the second one over all 
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 triplet products around a branching point. In eqs 4.31 and 4.32, the first term appears to be the size term while the second (and the third) one (ones) gives (give) account for the shape of  a  structure.47 


A relation similar to (4.31) can be written for the hyper-Wiener index of the path graph47
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   (4.33)

In such graphs, WW can be written (cf eq 4.29) as6 


WW (PN )  = W(PN ) + W( (P N ) = W((P N +1)



   (4.34)

which, iteratively, becomes


W((PN +1) = W(P1)+ W (P2) + ...+ W (PN-1) + W (PN ) + W((P1 )

   (4.35)

and, keeping in mind that W((P1) = 0,  one obtains39


W((PN )  =  W (P1)+ W (P2) + ...+ W(PN-1)



   4.36)

This relation expresses the fact that, in n-alkanes, W(  can be calculated from the Wiener index of the preceding homologues. By substituting W((PN) (eq 4.36) in eq 4.34, one obtains the expression for the hyper-Wiener number, WW 


WW (PN )  = W (P1)+ W (P2) + ...+ W (PN-1) + W(PN )


   (4.37)
This relation was also reported by Lukovits.49 


The relations (4.31) and (4.33) lead to the simpler relations49-52 


W(P N )  =  N(N2 -1)/6






   (4.38)

WW(P N )  = N(N-1)(N+1)(N+2)/24




   (4.39)

Cycle Graphs


In cycle graphs, CN, the following combinatorial relations were found39,52 
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where z = N mod 2.


Expansion of the above relations lead to34,52,53
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From these relations, the following recurrences are straightforward39
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W((CN+1)  = W( (CN)  + 
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 = W((CN)  + W((e+1)  (4.47)
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from which it is easily seen that


WW (e+1) = W(e+1)   + W( (e+1)




   (4.49)


Quantities WW(e+1), W(e+1)  and W((e+1) represent the bond contribution of the newly introduced edge (i.e., the (e+1)th  edge, where  e =(N( ).


 From the above relations one obtains39

WW(CN+1) = WW(CN) + WW (e+1) = W(CN+1) + W((CN+1) 

    = W(CN) + W((CN) + W(e+ 1) + W((e+1)


   (4.50)

Spiro-Graphs

A spiro-graph is obtained from simple rings by fusing a single vertex of one ring with a single vertex of another ring, for giving a single vertex ( of degree four ) in the resulted coalesced graph.54 The process can be repeated, thus resulting in spiro-chains.55 


For rings larger than three vertices, the construction of spiro-graphs have to take into account all the possibilities of connection. Thus, for four- and five-membered ring 1,2- and 1,3- structures are considered whereas for six-membered rings, a third 1,4- structure is taken into account (see Figure 4.6).

The formulas (Table 4.2) for evaluating the Wiener, W, and the hyper-Wiener, WW, indices were derived on the ground of LC  matrices,4,55 by the aid of the MAPLE V  Computer Algebra System ( release 2 ). For other graph - theoretical aspects in spiro-graphs see.54,56 
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Figure 4.6 Spiro-chains with three- (C3) to six- (C6) membered cycles.

Table 4.2. Formulas for W and WW Indices of Spiro-Chains

	Spiro-Chain
	W Index
	WW Index

	Three-memberedcycles
	  n(2 n 2 + 6 n + 1)/3
	 n 2(n 2 + 6 n + 11)/6

	Four-membered cycles

1,3- Spiro-chains
	  n (3 n 2 + 3 n + 2)
	 n (3 n 3 + 7 n 2 + 4 n + 6)/2

	1,2- Spiro-chains
	  n (3 n 2 + 15 n - 2)/2
	 n (3 n 3 + 26 n 2 + 85 n - 34)/8

	Five-membered cycles

1,3-spiro-chains
	  n (4 n + 1)(4 n + 5)/3
	 2 n (n + 1)(2 n + 1)(2 n + 3)/3

	1,2-spiro-chains
	  n (8 n 2 + 48 n - 11)/3
	 2 n (n 3 + 10 n 2 + 38 n - 19)/3

	Six-membered cycles

1,4-spiro-chains
	  n (25 n 2 + 15 n + 14)/2
	 n (75 n 3 +110 n 2 + 29 n +122)/8

	1,3-spiro-chains
	  n (25 n 2 + 60 n - 4)/3
	 n (25 n 3 +105 n 2 +173 n -51)/6

	1,2-spiro-chains
	  n (25 n 2 + 195 n - 58)/6
	n (25 n 3+310 n 2+1547 n -847)/24




n = number of cycles in chain

Table 4.3 lists values of W  and WW in spiro-chains.

Table 4.3.  Wiener, W, and Hyper-Wiener, WW, Indices 

of Spiro-Chains with Three- (C3) to Six- (C6) Membered Cycles.

	n
	C3
	C 4

(1,2)
	C 4
(1,3)
	C 5
(1,2)
	C 5
(1,3)
	C 6
(1,2)
	C 6
(1,3)
	C 6
(1,4)

	W index

	2
	14
	40
	40
	78
	78
	144
	144
	144

	3
	37
	105
	114
	205
	221
	376
	401
	426

	4
	76
	212
	248
	412
	476
	748
	848
	948

	5
	135
	370
	460
	715
	875
	1285
	1535
	1785

	6
	218
	588
	768
	1130
	1450
	2012
	2512
	3012

	7
	329
	875
	1190
	1673
	2233
	2954
	3829
	4704

	8
	472
	1240
	1744
	2360
	3256
	4136
	5536
	6936

	WW index

	2
	18
	66
	66
	140
	140
	305
	305
	305

	3
	57
	201
	243
	424
	504
	904
	1044
	1209

	4
	136
	457
	652
	952
	1320
	1979
	2614
	3399

	5
	275
	885
	1440
	1820
	2860
	3695
	5470
	7745

	6
	498
	1545
	2790
	3140
	5460
	6242
	10167
	15342

	7
	833
	2506
	4921
	5040
	9520
	9835
	17360
	27510

	8
	1312
	3846
	8088
	7664
	15504
	14714
	27804
	45794



From  Table 4.3 one can see that the values of W and WW increase as the type of connection between the cycles of a spiro-chain change from 1,2 to 1,3 and 1,4. This fact is in agreement with the idea that the Wiener-type indices express the expansiveness28 of  structures:  a  spiro-chain  is as more expanded as the connectivity of its cycles involves more bonds. Conversely, a spiro-chain is as more branched as the number of separating bonds is lower.55

4.2.1.4. Detour Extensions of the Wiener and Hyper-Wiener Indices


Extension of the distance based definitions of W and WW by changing the notion distance by that of detours, lead to the detour-analogues, w , 57-60 and ww.59 Thus, these indices are calculated as the half sum of entries in the corresponding detour matrices
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Values of  these indices for a set of acyclic and cyclic octanes are included in Table 4.1.

Formulas for calculating the detour indices in simple cycles have been derived by Lukovits59


 w      =  N (3N 2  - 4N + z) / 8





   (4.53)


ww   =  N (7N 3 - 3N 2 - 10N + 3z(N + 1)) / 48


                (4.54) 







        z = N mod 2

The detour and hyper-detour indices have promoted  very interesting correlating searches.59,60 

4.2.1.5. Walk Numbers, eWM : Wiener Indices of Higher Rank






The eWM algorithm16,39 (see Sect. 2.1 - eqs. 2.5-2.8) supplies global walk numbers, eWM  , as the half-sum  of the local numbers eWM,i
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The subscript M denotes the matrix on which the algorithm runs, thus giving walk degrees weighted by the property collected by that matrix. The algorithm eludes the raising at power e of the matrix M (see the last member of eq 4.55). When M is the distance matrix (or other matrix involving distances or paths), the walk number eWM  is just a Wiener-type index of rank e:39 eWDe  denotes a Wiener (Hosoya) number;  eWWe   represents a Wiener (Wiener) number; eWWp  denotes a hyper-Wiener (Randi() number  and so on. Walk numbers of rank 2 are listed in Table 4.4 for the octane isomers.39 The degenerate values are shaded.

Table 4.4.  Walk Numbers, eWM  : e = 2,  of  Octanes.

	Graph
	2WDe
	2WWe
	2WDp
	2WWp
	Graph
	2WDe
	2WWe
	2WDp
	2WWp

	P8
	1848
	2100
	12726
	12054
	3E2MP5
	1172
	1640
	4646
	4992

	2MP7
	1628
	2000
	9711
	9829
	22M2P6
	1316
	1808
	6277
	6779

	3MP7
	1512
	1892
	8256
	8338
	33M2P6
	1176
	1664
	4878
	5221

	4MP7
	1476
	1848
	7830
	7815
	234M3P5
	1096
	1648
	4076
	4700

	3EP6
	1360
	1740
	6412
	6460
	3E3MP5
	1072
	1564
	3916
	4222

	25M2P6
	1420
	1900
	7171
	7825
	224M3P5
	1128
	1708
	4406
	5165

	24M2P6
	1312
	1792
	6023
	6536
	223M3P5
	1032
	1600
	3653
	4220

	23M2P6
	1280
	1748
	5772
	6163
	233M3P5
	1000
	1564
	3402
	3917

	34M2P6
	1208
	1684
	5050
	5426
	2233M4P4
	868
	1516
	2521
	3169


M = Methyl;  E = Ethyl; PN = path of length N

eWM   numbers can be calculated by the aid of the walk matrix, W(M1,M2,M3) (see sect. 2.14). 


Walk numbers, eWM , are useful in discriminating nonisomorphic isomers. Usually a rank of two suffices in discriminating  i.e., the octane isomers.39 Special graphs, need however a rank higher than two (see Chap. 8).


Walk numbers, as the classical W index, showed good correlation with octane numbers, ON.39

4.2.1.6. Tratch Extension of the Wiener Index


Tratch et al.61 proposed an extended distance matrix, E, which in the case of trees, we considered it as a distance-extended Wiener matrix and denoted by D_Wp (See Sect. 2.12). The half sum of its entries supplies a distance-extended Wiener index, denoted here D_WW 


D_WW = (1/2)( i ( j [D_Wp]ij  = (1/2)( i ( j dij Ni Nj
                             (4.56)

where dij is the distance between the vertices i and j whereas Ni , Nj have the same meaning as in eq 4.19. The extension by the distance of indices other than the Wiener index was used by Diudea62 as a basis in the construction of 2D- and 3D- distance-extended Cluj indices (See Chap. 6 and Chap. 7).

4.2.1.7. Other Extensions of the Wiener Index

When De in eq 4.23 is changed by the 3D-Distance matrix (actually the G matrix - see Sect. 2.5) a 3D- Wiener index, 3W, is obtained.63,64 

Marjanović and Gutman65 derived an index counting all shortest paths in a graph. The index is identical to W in trees but is different in cycle-containing graphs.

Lukovits66 proposed the all path index, P, with the hope of an unitary description for both acyclic and cycle-containing molecular graphs. 

Gupta et al.67 defined a superpendentic index, based on the pendent matrix, which is a submatrix of De obtained by retaining only the columns corresponding to pendent vertices (i.e., vertices of degree 1).

Szeged and Cluj indices are the most important extensions of the Wiener index. They will be detailed in Chap. 5 and 6, respectively.

4.2.2. Balaban Index, J

Balaban68 applied a  Randić formula on the distance sum DSi (i.e., row sum in the distance matrix) for defining the J index
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where Q is the number of edges, DSi and DSj denote the distance sum of vertices i and j, respectively and µ is the cyclomatic number (i.e., the number of rings in graph). The factor before sum takes into account the variation of edge number with the cyclicity, thus being a normalizing factor. This index shows an extremely low degeneracy (in alkanes, the first degenerated pair appears in dodecanes),69  a good variation with the molecular branching and a satisfactory correlational ability. Figure 4.7 illustrates the calculus of j for the graph G4.3 .
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Figure 4.7. Balaban index J for the graph G4.3
Various extensions of J index, taking into account the chemical nature of vertices and edges6 were proposed and tested for correlating ability.


4.3.  Indices  Based  on  Reciprocal  Matrices


The reciprocal matrix RM of a square matrix M was defined in Sect. 2.13. The half sum of entries in such a matrix is an index, referred to as a Harary-type index (name given in honor of Frank Harary)52, 70,71 
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the subscript M being the identifier for the matrix M. 


The original Harary index, HDe , is constructed on the reciprocal distance matrix, RDe. 70,71 The entries in this matrix suggest the interactions between the atoms of a molecule, which decrease as their mutual distances increase. Table 4.5 lists values HDe for octanes. One can see that they increase with the branching (in the opposite to the values of Wiener index) within the set of isomers and no degeneracy is encountered. This index was tested6 for correlations with boiling points and van der Waals areas of octanes.


By analogy to HDe, Diudea52 proposed the HWe and HWp indices, on the reciprocal Wiener matrices. These indices correlate excellent with the octane number, ON (r = 0.992; s = 3.313; F = 409.967 for HWp)52 HWe shows the same degenerate pairs (marked by italics) as the Wiener index, within this set of octane isomers (see Table 4.5). 

Table 4.5. Wiener-Type and Harary-Type Indices of Octanes.

	Graph
	W
	WW
	  WW(A,De,1)
	HDe
	HWe
	HDp
	HWp
	 HW(A,De,1)

	P8
	84
	210
	256
	13.7429
	0.6482
	10.56429
	5.8593
	7.4281

	2MP7
	79
	185
	253
	14.1000
	0.7077
	10.86191
	7.8938
	7.4450

	3MP7
	76
	170
	209
	14.2667
	0.7244
	10.98095
	8.5244
	7.6542

	4MP7
	75
	165
	208
	14.3167
	0.7286
	11.01429
	8.6897
	7.6562

	3EP6
	72
	150
	172
	14.4833
	0.7452
	11.13333
	9.2952
	7.8529

	25M2P6
	74
	161
	207
	14.4667
	0.7673
	11.16667
	10.1784
	7.5312

	24M2P6
	71
	147
	194
	14.6500
	0.7839
	11.30000
	10.8923
	7.6650

	23M2P6
	70
	143
	181
	14.7333
	0.7881
	11.36667
	11.0992
	7.8140

	34M2P6
	68
	134
	167
	14.8667
	0.8006
	11.46667
	11.6339
	7.9382

	3E2MP5
	67
	129
	161
	14.9167
	0.8048
	11.50001
	11.7881
	7.9500

	22M2P6
	71
	149
	208
	14.7667
	0.7839
	11.43333
	10.9589
	7.5250

	33M2P6
	67
	131
	179
	15.0333
	0.8048
	11.63333
	11.8548
	7.7762

	234M3P5
	65
	122
	167
	15.1667
	0.8476
	11.73333
	13.7587
	7.8996

	3E3MP5
	64
	118
	145
	15.2500
	0.8214
	11.79999
	12.5714
	8.0202

	224M3P5
	66
	127
	209
	15.1667
	0.8435
	11.76667
	13.5768
	7.4805

	223M3P5
	63
	115
	164
	15.4167
	0.8601
	11.96667
	14.4018
	7.8850

	233M3P5
	62
	111
	147
	15.5000
	0.8643
	12.03334
	14.5976
	7.9971

	2233M4P4
	58
	97
	139
	16.0000
	0.9196
	12.50000
	17.4196
	7.9643


In path graphs, a composition relation of the form: HWp(PN ) = HWe(P1)+ HWe(P2) + ...+  HWe(PN-1)  +  HWe(PN )
holds. It is analogous to that found by Lukovits49 for the hyper Wiener index WW (see eq. 4.37). Despite the equality WWDp = WWWp, a similar composition relation for HDp(PN ) was not found.

Another Harary-type index is HW(A,De,1). It is calculated on the restricted random walk matrix of Randi(,72 which is identical to the RW(A,De,1)  matrix52 (see Sect. 2.14). Values of  this index, for octanes, are listed in Table 4.5, along with the corresponding W(A ,De,1)   values . Other Harary indices are exemplified in Table 4.5. As a general feature, the Harary-type indices possess more powerful discriminating ability than the corresponding Wiener-type indices (see Table 4.5).


Formulas52 for calculating the Harary-type indices given in Table 4.5 and the corresponding Wiener-type indices, for path, cycles and stars, are listed in Table 4.6.  Formulas for Harary-detour indices73 are also included. Some interrelating formulas are given in Table 4.7. The Harary-type indices found  interesting applications in correlating studies and particularly in discriminating sets of isomers.74 

Table 4.6. Formulas for Wiener- and Harary-Type Indices 

of Paths, Cycles and Stars
	Index
	Sum
	Final Relation
	Examples
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Table 4.6 (continued)
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Table 4.6 (continued)
	   Stars
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     y = N mod 4;  z = N mod 2;   ((x) = int(exp(-t)*t^(x-1), t = 0,..infinity;  

    ( (x) =  diff(ln(((x),x);   ( (n,x) = diff(( (x), x$n); ( (0,x) = ( (x);   

Table 4.7. Interrelating Formulas
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4.4.  Indices  Based  on  Combination  of  Matrices
4.4.1. Schultz-Type Indices


Among the modifications of the Wiener index, the molecular topological index,75 MTI, (or the Schultz number) was extensively studied76-88 by virtue of its relatedness with the Wiener index. It is defined as


MTI = MTI(G) = (i [deg(A + De)]i    




   (4.59)

where A and De are the adjacency and the distance matrices, respectively and deg = (deg1, deg2,..., degN) is the vector of vertex degrees of the graph.

In matrix form (see also Sect. 2.15), this index can be written as
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                (4.60)

where 
[image: image123.wmf]2
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is the sum of squared degrees (it is exactly M1, the Zagreb Group first index) and IADe  is the true Schultz index (i.e., the non-trivial part87 of MTI ). In trees, MTI and IA,De are related to the classical Wiener index by85-87 


MTI = 4W + 2P2 - (N-1)(N-2)





   (4.61)

IA,De =  4W - N(N-1)






   (4.62)

where  P2   the number of paths of length 2 (or  Platt,9  or Gordon-Scantlebury,11  or also Bertz12 number)
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   (4.63)
Schultz and co-workers proposed some weighting schemes in accounting for the chemical nature and stereochemistry of molecular graphs.76-83 Estrada89 calculated an index based on distances of edges in a graph. It is the MTI index of the corresponding line graph (see also the ( index, Sect. 4.1).

In the extended Schultz matrices,90  (see Sect. 2.15) a decomposition similar to eq 4.60 leads to 
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where none of the indices 
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, calculated as the sum of all entries in the Schultz matrix of sequence (De, A, De), and  (Wp, A, Wp)  are listed, for octanes, in Table 4.8. They were tested for correlating ability.88,91,92 

Table 4.8. 
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 Indices of Octane Isomers.

	Graph
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	P8
	280
	322
	3976
	4522

	2MP7
	260
	324
	3516
	4324

	3MP7
	248
	318
	3272
	4102

	4MP7
	244
	316
	3196
	4012

	3EP6
	232
	306
	2952
	3786

	25M2P6
	240
	326
	3080
	4126

	24M2P6
	228
	320
	2852
	3904

	23M2P6
	224
	318
	2784
	3814

	34M2P6
	216
	314
	2632
	3682

	3E2MP5
	212
	308
	2556
	3588

	22M2P6
	228
	330
	2860
	3946

	33M2P6
	212
	322
	2564
	3650

	234M3P5
	204
	320
	2396
	3616

	3E3MP5
	200
	314
	2344
	3442

	224M3P5
	208
	332
	2464
	3748

	223M3P5
	196
	326
	2260
	3526

	233M3P5
	192
	324
	2192
	3452

	2233M4P4
	176
	338
	1912
	3370



An extended Schultz index is walk matrix calculabe by39,90
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In the Schultz matrix, one of the square matrices, say M3, may be a non-symmetric one. In such a case, 
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 is no more a symmetric matrix. Two composite indices can be now calculated: one is 
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, and the second is calculated similar to the hyper-Cluj indices (see Chap. 6)
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    (4.66)

The summation goes over all paths p(ij). As symmetric matrices: A, D, ( and as unsymmetric matrices, Cluj and Szeged matrices can be used. Such composite indices are very discriminating among non-isomorphic isomers. (see Chap. 8).

4.4.2. QXR, Local Vertex Invariants 


Filip, Balaban and Ivanciuc7 have combined matrices and vectors to produce novel vectors. The model provides sets of LOVIs (local vertex invariants) by solving the following system:


Q x X = R







   (4.67)

where Q is a topological matrix derived from the adjacency matrix and R is a column vector which encodes either a topological property (vertex degree, distance sum etc.) or chemical property (atomic number, Z). X is the column vector of LOVIs (i.e., solutions of eq 4.67). 

The numerical solutions will depend on the specification of Q and R. In case: Q = A + P x I (P = Z; I is the unity matrix) and R = V  (vertex valency vector), eq 4.67 becomes:


(A + Z x I) x X = V






   (4.68)


 AZV‑LOVIs are thus obtained (see  examples in Figure 4.8).7,93  AZVs allow the construction of the so called triplet TIs, showing very low degeneracy.

                   Graph                       A + Z x I     (A + Z x I) x X = V                LOVI

_
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Figure 4.8. Calculation of AZV‑LOVIs .


4.5.   Indices  Based  on  Polynomial  Coefficients 

4.5.1. Hosoya Index, Z

Hosoya38 first introduced the notion of topological index, and proposed the Z index, as :
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  (4.69 )

where a(G,k) is the number of k-matchings of G, N is the number of vertices of G and [N/2] is the integer part of the real N/2 value. By definition a(G,0) = 1 and a(G,1) is equal to  the number of edges of G.
The calculation of the Z index for the graph G4.3 is illustrated in Figure 4.9.






Z(G4.3) = 1 + 7 + 12 + 4 + 0 = 24

Figure 4.9 Calculation of the Hosoya index, Z, for the graph G4.3.

The a(G,k)'s are the coefficients of the Z-counting polynomial, Q(G;x), of G (see also Chap. 3) 
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The Z index is equal to the sum of the coefficients of the Q(G;x) polynomial


Z = Q(G;1)






                (4.71)

In larger graphs,  the polynomial can be computed by a recursive relation94 



[image: image143.wmf])

];

[

(

)

;

(

)

;

(

x

e

G

xQ

x

e

G

Q

x

G

Q

-

+

-

=





   (4.72)

where G-e and G-[e] are the spanning subgraphs of G resulted by removing an edge and the edge together with its incident edges, from G, respectively.


From an edge-weighted graph, Plavšić et al.95 derived a weighted Z* index, thus making possible the consideration of the chemical nature of molecular bonds. 


Randić proposed the Hosoya matrix (see Sect. 2.10) as a basis for calculating two 

indices, called path numbers 1Z and 2Z . Plavšić et al.96 demonstrated analytical relationships between these path numbers and the classical index Z. 

Plavšić et al.95 also extended the definition of the Z matrix to cycle-containing graphs
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where the non-diagonal entries are taken as the arithmetic mean among all 
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 numbers resulting by removing each time a geodesic (i,j) of G and (Dij(G)( is the cardinality of the set of these geodesics. Of course, the edge-weighted scheme was also extended. The invariants of the generalized Z matrix95,97 
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may offer a family of descriptors favoring a simpler interpretation of the regression equations than a set of ad-doc descriptors. Correlating studies were performed both on Z and kZ  indices.95 


Invariants calculated as sum of polynomial coefficients (cf. eqs 4.70 and 4.71), for the characteristic polynomial of various topological matrices were reported by Ivanciuc et al.98  Some of them showed good selectivity among isomeric structures.

4.6.  Indices  Based  on  Eigenvalues  and  Eigenvectors


Eingenvalues and eigenvectors, resulting by complex manipulations on square matrices, often enable a structural interpretation.

4.6.1. Eigenvalues


The first eigenvalue of the adjacency matrix, (1(A), (see Chap. 3) has been proposed by Lovasz and Pelikan99 as a measure of molecular branching. In the case of distance-distance matrix,100 the leading eigenvalue (1(DD) indicates the molecular folding. The corresponding eigenvalue of the Wiener matrix, (1(Wp), can be accepted as an alternative to (1(A) in evaluating the branching of alkanes.37 Eigenvalues (minimum or maximum values) of various topological matrices are often used in correlating studies.98

The eigenvalues of the Laplacian matrix, (i(La), are used in calculating the number of spanning trees, t(G), in graph101 (see Sect. 2.2).


Mohar102 defined two topological indices, TI1 and TI2 on the ground of Laplacian spectrum
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(TI)2  = 4/(N(2)







(4.76)
In trees, TI1 is related to the Wiener index 


(TI)1   =  2 log (Q/N)W






(4.77)

Table 4.9. shows eigenvalues of matrices A, De, Wp and La, Mohar indices and their correlation   with (1(A) within the set of octanes. 

           Table 4.9. Eigenvalues of A, De, Wp and La and Mohar Indices of Octanes.

	Graph
	(1(A)
	(1(De)
	(1(Wp)
	(2(La)
	(TI )1
	(TI )2

	P8
	1.879
	21.836
	57.170
	0.1522
	-9.7826
	3.2843

	2MP7
	1.950
	20.479
	52.612
	0.1667
	-9.1627
	2.9991

	3MP7
	1.989
	19.763
	48.406
	0.1864
	-8.8148
	2.6825

	4MP7
	2.000
	19.542
	46.661
	0.1981
	-8.6988
	2.5245

	3EP6
	2.029
	18.779
	42.204
	0.2434
	-8.3508
	2.0542

	25M2P6
	2.000
	19.111
	47.724
	0.1864
	-8.5828
	2.6825

	24M2P6
	2.042
	18.396
	43.419
	0.2137
	-8.2349
	2.3399

	23M2P6
	2.074
	18.181
	42.059
	0.2243
	-8.1189
	2.2293

	34M2P6
	2.095
	17.676
	39.290
	0.2509
	-7.8869
	1.9930

	3E2MP5
	2.101
	17.419
	37.428
	0.3065
	-7.7709
	1.6315

	22M2P6
	2.112
	18.413
	44.471
	0.2023
	-8.2349
	2.4721

	33M2P6
	2.157
	18.308
	38.533
	0.2538
	-7.7709
	1.9702

	234M3P5
	2.136
	16.808
	37.025
	0.2679
	-7.5390
	1.8660

	3E3MP5
	2.189
	16.670
	34.142
	0.3820
	-7.4230
	1.3090

	224M3P5
	2.149
	17.034
	39.141
	0.2384
	-7.6549
	2.0969

	223M3P5
	2.206
	16.315
	34.994
	0.2888
	-7.3070
	1.7313

	233M3P5
	2.222
	16.068
	33.468
	0.3187
	-7.1910
	1.5690

	2233M4P4
	2.303
	14.937
	30.331
	0.3542
	-6.7271
	1.4114

	r vs (1(A)
	1.000
	0.964
	0.958
	0.867
	0.979
	0.903


The next step on this way was the Quasi-Wiener index,101,103,104 W*, defined as
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where (i, i = 2, 3, ..., N denote the positive eigenvalues of the Laplacian matrix. In acyclic structures, W* = W,  but in cycle-containing graphs the two quantities are different. In benzenoid molecules, a linear (but not particularly good) correlation between these indices was found.105

Klein and Randi(106 have considered the so-called resistance distances between the vertices of a graph, by analogy to the resistance between the vertices of an electrical network (superposable on the considered graph and having unit resistance of each edge). The sum of resistance distances is a topological index which was named the Kirchhoff index.106,107 It satisfies the relation106,108 


Kf  =  N Tr(La()






   (4.79)

where Tr(La() is the trace of the Moore-Penrose generalized inverse109,110 of the Laplacian matrix.  Further, Gutman and Mohar have demonstrated  the identity of the quasi-Wiener and the Kirchhoff numbers for any graph.108
4.6.2. Eigenvectors


Huckel, in his theory, has equated the eigenvectors of the adjacency matrix for weighting of atomic orbitals in the construction of molecular orbitals. Balaban et al.111 and Diudea et al.112 have used the eigenvectors for defining several topological indices which showed good correlation with some physico-chemical properties and interesting intra- and inter-molecular ordering.

4.7.  Indices  Based  on  Graphical  Bond  Order
4.7.1. X’/X Indices 

The molecular descriptors X’/X are defined, according to the concept of graphical bond orders,5,113 by the scenario


Xe = X(G - e)







   (4.80)


X’ = (e Xe 







    (4.81)


X = X(G)







   (4.82)


X’/X = ((e Xe )/X






                  (4.83)
where: - G-e denotes the spanning subgraph (connected or not) resulted by cutting the

                          edge e;

           - X(G-e)  is a given topological index calculated on that subgraph (if disconnected,

                           the index is calculated by summing the values on fragments, viewed as

                           individual graphs);

          - Xe is the edge contribution to the global index X’, which is normalized by dividing

                           it by X(G)
The overall index X’/X is a bond-additive molecular characteristic. The quotient Xe/X (referred to as graphical bond order) can be used for weighting the adjacency matrix.


The algorithm is quite general and allows one to include molecular properties as source data in the construction of X’/X descriptors.


Figure 4.10 illustrates the construction of some indices X’/X for the graph G4.3 (234M3P5).
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P'/P    = [ 4 x 21 + 21 + 2x(3 + 10) ]/28                                        =  4.6786 

(‘/(    = [ 4 x 3.1807 + 3.1259 + 2x(1.4142 + 2.2700) ]/3.5534   =  6.5338


 J’/J    = [ 4 x 3.1440 + 2.9532 + 2x(1.6330 + 2.5396) ]/3.4643   =  6.8916


W’/W  = [ 4 x 46 + 48 + 2x(4 + 18) ]/ 65                                       =  4.2462

Figure 4.10. Construction of some X’/X indices for the graph G4.3 (234M3P5).

The most important invariant of this type is P'/P which, in trees, is related to the Wiener index by114 


P'/P = (N-1) - [2/(N 2 -N)]W





   (4.84)


4.7.2. SP Indices


SP (Subgraph Property) indices115,116 represent an alternative to the X’/X descriptors and are basically graphical bond orders.113


They are constructed by the following algorithm:


(i) For each edge e(E(G), one defines, two subgraphs, SL,e and SR,e, which collect the vertices lying to the left and to the right of edge  e;


(ii) Subgraph properties, P(SL,e) and P(SR,e), are calculated by summing the vertex contributions, Pi (taken as LOVIs from the global property P(G) = (iPi) of all vertices i belonging to the given subgraph:
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By dividing by P(G), normalized values P'(Se ), in the range 0 to 1, are obtained.


(iii) The edge contributions SPe are evaluated as products to the left and to the right of edge e of the normalized values P'(Se). Since P'(Se) is taken as a part of the graph property, it is obvious that only one normalized value is needed:


SPe = P'(SL,e) P'(SR,e) = P'(SL,e)( 1 - P'(SL,e))



   (4.87)


(iv) The global SP index is calculated by summing the edge contributions for all edges in graph:
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The SP descriptors represent an extension of the procedure for calculating the Wiener index W. It is easily seen that, if P =(V(= N, then SN = W/N2. Since this algorithm works with LOVIs, it becomes obvious the necessity of topological indices defined on vertex as a source for novel SP indices. Table 4.10 illustrates the construction of SP indices for some properties (Pi = Ni ; 1Wi  ; (i  ).

Table 4.10. Construction of SP Indices for the Graph G4.3
(see Figure 4.10; Pi = Ni ; 1Wi ; ( i ; and  P(G) = (i Pi )


 
 

         vertex    Ni       1Wi            ( i        

 
 

     

 
   

  
 1         1         1        0.57735           

 
      

 
 2         1         3        1.48803           

 
     

  
 3         1         3        1.24402           

 
     

 
 4         1         3        1.48803           

 
      

 
 5         1         1        0.57735           

 
    


 6         1         1        0.57735           


     

 
 7         1         1        0.57735           

 
     


 8         1         1        0.57735           

 


 
                         P(G)       8        14       7.10684         


     S Ne :           4[ 1/8 x 7/8 ] = 4[ 0.125 x 0.875 ] = 4 x 0.10938


                         1[ 1/8 x 7/8 ] =   [ 0.125 x 0.875 ] =       0.10938


                         2[ 3/8 x 5/8 ] = 2[ 0.375 x 0.625 ] = 2 x 0.23438

S N = SYMBOL 229 \f "Symbol"e S Ne  = W/N 2 = 65/(8x8) = 1.01563 


    S 1We :         4[ 1/14 x 13/14 ]= 4[ 0.07143 x 0.92857 ]  = 4 x 0.06633


                          [ 1/14 x 13/14 ] =  [ 0.07143 x 0.92857 ]  =       0.06633


                        2[ 5/14 x   9/14 ] = 2[ 0.35714 x 0.64286 ] = 2 x 0.22959

S 1W = SYMBOL 229 \f "Symbol"e S 1We  = 0.79082


    S(e : 
         4[ 0.57735 x 6.529486 ]/( 7.10684 )2 = 4 x 0.07464


                        [ 0.57735 x 6.529486 ]/( 7.10684 )2 =       0.07464


                      2[ 2.64273 x 4.464106 ]/( 7.10684 )2 = 2 x 0.23358



           S(  = SYMBOL 229 \f "Symbol"e S( e = 0.84035


The SP indices show a higher discriminating power in comparison to the original indices. The S( eW indices offer a family of indices, suitable in correlating studies (e.g., they supplied the best two variable model for the boiling point of octanes.115,116  

4.8.  Indices  Based  on  Layer  Matrices


Layer matrices LM have been used to derive two types of indices: (i) indices of centrality C(LM) and (ii) indices of centrocomplexity X(LM).4,16 The X-type indices originated the famous super-index EAID.117 

4.8.1. Indices of centrality


Indices of centrality4,16 C(LM) look for the center of the graph and are defined as
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where d is a specified topological distance (eg. d = 10).

4.8.2. Indices of centrocomplexity


These indices express the location vs. a vertex of high complexity (eg. a vertex of high degree or a heteroatom).4  They are defined as
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where z denotes the number of bits (of the integer part) of max([LM]ij) in G and ti  is a weighting factor for heteroatom specification. For the graph G4.3, matrices L1W and LDS and the corresponding indices are shown in Table 4.11.

Table 4.11. Layer Matrices L1W and LDS and the C and X  Indices 

(with d = 10 and t = 1, Respectively) for the Graph G4.3.



   1   1 3 4 4 2     0.1897        1.3442      19 13 30 30 38     0.0968     19.13303038 

   2   3 5 4 2 0     0.2684        3.5420      13 49 30 38 00     0.1555     13.49303800

   3   3 7 4 0 0     0.3945        3.7400      11 43 76 00 00     0.2608     11.43760000

   4   3 5 4 2 0     0.2684        3.5420      13 49 30 38 00     0.1555     13.49303800

   5   1 3 4 4 2     0.1897        1.3442      19 13 30 30 38     0.0968     19.13303038

   6   1 3 4 4 2     0.1897        1.3442      19 13 30 30 38     0.0968     19.13303038

   7   1 3 6 4 0     0.2461        1.3640      17 11 26 76 00     0.1458     17.11267600

   8   1 3 4 4 2     0.1897        1.3442      19 13 30 30 38     0.0968     19.13303038


           Global Index:    1.9365      17.5648                                   1.1052    132.06847352


These indices were useful in studies of intramolecular ordering of subgraphs of various size as well as of intermolecular ordering (see Chap. 8).

4.8.3. EATI Super-Indices


Two super-indices, EATI1 and EATI2, were recently proposed by Hu and Xu on weighted molecular graphs.117,118  They follow the scenario described below.

(1). Set the weight of atoms. 

For EATI1 the 
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 valencies of Kier and Hall17 are used (see Sect. 8.3.2.1). The index EATI2 benefits of a more elaborated weight, based on layer matrices: the connectivity valence matrix CVM (whose element [CVM]ij is the sum of  
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for all vertices belonging to the jth layer) and the bond matrix B (whose element [B]ij is defined as the sum of conventional bond orders - see below - of  bonds connecting two subsequent layers). The weight of a vertex is given by the function
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Recall that both these layer matrices originate in the L1W  matrix16,119 (see Chap. 2) and eq 4.93 follows from eq 4.91.

(2). Set up the adjacency matrix, according to the conventional bond orders.
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(3). Set up the extended adjacency matrix, EA.
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where (Radii)i is the covalent radii (in angstroms) of the ith atom and wij is the weighting for an edge (which is different for the two indices),
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(4). Evaluate a new matrix EA* as the sum of  EA  powers.
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where N is the number of vertices in the molecular graph. When k = 0, then (EA)0 is the unity matrix.

(5). Calculate the topological indices.
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The algorithm is illustrated in Figure 4.11 for calculating EATI2 of furane, G4.4
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EATI2 = 9.021

Figure 4.11. Calculation of EATI2 index for the graph G4.4

EATI1 was tested for selectivity on over 610,000 structures and also good correlating ability was found.118 EATI2 (also called EAID117) was particularly tested for selectivity (more than 4 bilion structures were investigated) and no degeneracy appeared. It is the most powerful index designed so far and is a candidate for CAS Registry Numbers.

4.9.  Information  Indices

The following well-known principle120 is generally used in construction of information indices. Let 

 be a set consisting of 

 elements. By assuming some equivalence criterion the elements are shared into 
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In chemical literature Bonchev and Trinajstić51,122,123 and the group of Basak124,125 have pioneered this topic. Various schemes and various topological quantities were used so far in devising information indices. For early work along these lines see the book.122
Recently, Ivanciuc et al.126 have defined an information invariant on the vertex distance degree sequence, DDS  (see Sect. 2.16)
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where 
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, j is the magnitude of distances within DDS and ecci = max j. The above mean local information on the magnitude of distances was next modified in the view of constructing four global indices, U, V, X and Y, on the formula of J index (see Sect.4.2.2).

A similar descriptor, the Information Distance Index, IDI, was introduced by Konstantinova127  
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where the ratio 
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The selectivity of information indices is rather high. Thus, IDI was tested on the set of all unbranched hexagonal chains with three to ten rings (2562 structures).74,127 No degeneracy appeared within this set. However, Ivanciuc et al.126 found some pairs of trees with degenerate U, V, X and Y indices.

4.10.  Other  Topological  Indices

4.10.1. Stereochemical Descriptors


Descriptors for cis/trans stereoisomers or staggered alkane rotamers were introduced by the three-dimensional Wiener index, 3W. In addition to a net improvement of selectivity, a good correlating ability with alkane properties was reported. 63,64


A three dimensional (( connectivity descriptor was developed by Randić128 on the ground of topographic matrices.


Estrada24 included a corrected electron charge density (calculated with MOPAC) in a connectivity-type index, (, also able to differentiate cis/trans isomers of alkenes.


The cis/trans connectivity descriptor (ct of Pogliani129 is based on an extension of the concept of connectivity. It considers virtual ring fragments formed by embedded cis structures and appears to accurate describe some physico-chemical properties of olefins.


Other description of stereoisomers is obtained by using the GAI index,130 (based on quantum chemistry considerations), the topographic indices,131 the stereoisomeric and optical topological indices132-135 or the complex numbers in the characterization of a plane.136 


Enantiomers are more difficult to be described topologically, some results being reported by Schultz82 and by Galvez et al.137


The shape descriptors kS proposed by Randić,138 are constructed on a distance topographic matrix T, whose elements are raised to the power k. Next, the average row sum of the kT matrix
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is normalized by division by k!
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The molecular shape profile S is obtained as a sequence
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where the leading term is just the number of atoms in molecule. The factorial in the denominators ensures the convergence of the series. The maximum k value will equal the number of atoms on the molecular periphery. The consideration of atomic profiles may offer an alternative route to graph center (see Chap. 8). The individual kS  descriptors can be used in correlating studies.139,140


The kappa indices Lk, of Kier141-144 are also related to as shape descriptors. A flexibility index ( for molecules was derived from the kappa shape attributes.145


Actually there exists a net trend for a more appropriate description of the 3D-structures. A bright illustration of this trend the reader can find in two recent monographs by Balaban.146,147

4.10.2. ID Numbers 


In the design of a topological index, the two main attributes: (i) the correlating ability and (ii) the selectivity (i.e., the discriminating power among structures) are not reached at the same time. For the second purpose, an appropriate weighting scheme would discriminate the subgraphs (i.e., atoms, edges, paths) that are topologically (and chemically) different. It this respect, the so called molecular identification numbers ID  were designed.


Randić148 defined the molecular ID number as follows:

The mapping from the edge set E(G) to the real numbers, 
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The mapping from the path set P(G) to the real numbers, 
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for a path p consisting of m edges. The connectivity ID number of a molecular graph having N vertices is
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where summation goes over all distinct paths in G.

The selectivity of the connectivity ID number, CID was tested for all alkanes with up to 20 carbon atoms.149 The smallest pair of trees with the same ID numbers was found at N = 15 (a duplicate among some 7500 graphs). Recall that the first degenerate pair for the Balaban number J appears at N = 12. 

The prime  ID  number,150  PID,  changed  the  weighting  scheme  (4.108) by (pipj)-(1/2)  where pi and pj are successive prime numbers, thus reducing the chance of accidental duplication of ID numbers. Indeed, for PID, Szymanski et al.151 found the first duplicate at N = 20, meaning one pair among 618,050 graphs.


Despite the failure of the ID numbers to be unique, such a high resolution among structures is of interest in chemical data storage. 

The race for a higher selective index continued with BID (Balaban's ID number),152  WID (the walk ID number),153 MINID,154 MINSID,154 (both based on self-returning weighted distances in the graph), ( number,155 SID (the self-returning walk ID number)156  and EAID117 (see Sect. 4.8.3). The last two indices, for which no degeneracy was found so far, are constructed in a very close manner (both are self-returning walks but the weighting scheme differs, however). 


A 3-dimensional molecular identification number, MID, which can be obtained from the Cartesian coordinates, differentiates the alkane rotamers.157

*  *  *


The main application of TIs in chemistry is the evaluation and prediction of physico-chemical properties. It is related to as QSPR (Quantitative Structure-Property Relationship). The correlating studies make use of TIs as mathematical molecular descriptors.



The physical meaning of topological indices is a more or less proved percept.1, 158-162 The majority of TIs show a size-dimension (e.g., W, the connectivity indices, etc.) but some of them emphasize a shape-component (e.g., k and other shape descriptors).163

Despite TIs do not offer a causal explanation of the molecular properties, they condense important structural features into a single numerical parameter that parallels some properties. The structural insight is often permitted, such that TIs are useful tools for looking at fragmental components of a certain property. Some aspects about the correlating studies are detailed in Chap. 9.

For the computation of TIs some commercial programs, such as POLLY,164 MOLCONN165 or CODESSA166,167 are available.
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