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Szeged Indices

Chapter 5

SZEGED  INDICES

5.1.  Introduction

5.1.1. Historical Remarks

In the 1990s a country which once was called Yugoslavia (or more officially: Socialist Federal Republic of Yugoslavia) fragmented into a number of newly formed states, followed by a

sequence of bloody civil wars conducted by unimaginable cruelty. A part of the former country retained the name Yugoslavia. In 1993 and early 1994 an unprecedented inflation ravaged this new Yugoslavia, reaching at its peaks a daily value of 50%. In order to escape from the social, economic, political, cultural, ethical etc. collapse in his country, one of the present authors moved to Szeged, a city in Hungary lying on the very border of Hungary and Yugoslavia. There he happily spent a couple of years as a Visiting Professor at the Institute of Physical Chemistry of the Attila József  University. 

Soon after settling in Szeged he produced a paper which eventually appeared in 1994.1 In this work a novel distance-based graph invariant has been introduced, and some of its basic properties established. Neither in the paper1 nor in three subsequent articles2-4 was any name given to that invariant. As research in this direction continued to expand, the lack of a name became quite annoying and in 1995 the invariant was named the Szeged index and denoted by Sz.5,6 This name and symbol seem nowadays to be universally accepted.

A remarkably vigorous research followed these early works on the Szeged index. In just four years more than 30 papers on Sz were produced.7-37 The review38 covers, among other distance-based topological indices, also the theory of the Szeged index. The review39 is devoted solely to the mathematical properties of Sz. Quite a few mathematicians and chemists, belonging to different and independent research groups, were involved in the elaboration of the theory andapplication of the Szeged index. The authors who worked on Sz are from Austria, Croatia, France, Hong Kong, Hungary, India, Romania, Russia, Slovenia and Yugoslavia.
5.1.2. Towards the Szeged Index Concept

The basic idea behind the Szeged index is the following. For a long time it is known40 that the identity:

W = W(G) = (e n1,e  n2,e






    (5.1)

is satisfied for the Wiener index W of a molecular graph G, provided that G is acyclic. (For details of the notation used in eq 5.1 see the subsequent section and also Sect. 4.2.1.1) This formula is rather attractive, because it can be understood as a decomposition of the Wiener index into contributions coming from individual chemical bonds of the respective molecule. Indeed, n1,en2e can be in a natural way interpreted as the increment associated with the carbon-carbon bond which in G is represented by the edge e.

Formula (5.1) is, however, not valid for graphs containing cycles. The efforts to modify the right-hand side of eq 5.1 and to find an edge-decomposition of the Wiener index, applicable to all molecular graphs were successful,41-45 but resulted in rather perplexed and difficult-to-apply expressions. In the work1 a seemingly awkward idea was put forward: the complications with the generalization of eq 5.1 to graphs containing cycles could be overcome by using the right-hand side of this equation as the definition of a new graph invariant. If so, then the right-hand side of eq 5.1 is automatically applicable to all graphs and, in addition, in the case of acyclic systems the newly introduced invariant coincides with the Wiener index.

Such a definition happened to be a lucky hit: the new graph invariant - the Szeged index - possesses interesting and nontrivial properties and, furthermore, is of some relevance for chemical applications.

5.2.  Definition  of  The  Szeged  Index

Let G be a molecular graph, which means that G is necessarily connected (in fact,

G may be any connected graph). Let V(G) and E(G) be the vertex and edge sets of G. Denote by i and j two vertices of G, which we formally write as i,j ( V(G). If i and j are adjacent vertices, then the edge between them is denoted by (i,j). Then we write (i,j) ( E(G). Sometimes, however, we denote the edge (i,j) simply as e. One should therefore bear in mind that throughout this chapter, the endpoints of the edge denoted by e are the vertices denoted by i and j.

Let u,v ( V(G). Recall that the distance between the vertices u and v is equal to the number of edges in a shortest path connecting u and v, and is denoted by du,v. 

As usual, the number of elements of a set S will be denoted by |S|. Hence, |V(G)| and |E(G)| stand for the number of vertices and edges, respectively, of the graph G.

 Definition 5.1. Let G be a connected graph and e = (x,y) its edge. The sets N1,e and N2,e are then defined as

N1,e  = {v|v ( V(G) , dv,i < dv,j}





(5.2)

N2,e  = {v|v ( V(G) , dv,j < dv,i}





(5.3)

Further, 

n1,e  = | N1,e |







(5.4)

n2,e  = | N2,e |







(5.5)

When misunderstanding is avoided, we denote N1,e and n1,e  simply by N1 and n1. Similarly, N2,e and n2,e will sometimes be written as N2 and n2, respectively.

In words: n1,e counts the vertices of G  lying closer to one endpoint i of the edge e than to its other endpoint j. The meaning of n2,e is analogous. Vertices equidistant to x and y are not counted. Because the quantities n1 and n2 play the crucial role in the theory of the Szeged index, we illustrate Definition 5.1 by the graphs G5.1 and G5.2, depicted in Figure 5.1.
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        G5.2
Figure 5.1. Two molecular graphs and an edge e = (i,j) in them; the vertices belonging to the set  N1 are joined by thin lines; those belonging to N2 by thick lines; vertices that do not belong to either N1 or N2 are joined by dashed lines; such vertices exist only in non-bipartite graphs (such as G5.2) whereas in bipartite graphs (such as G5.1) are necessarily absent.

For the molecular graph G1 we have:

N1,e  = {1,2,3,4,5,6,7,8,9,13,14,15,16}

N2,e  = {10,11,12} 

Consequently, n1,e(G5.1) = 13 and n2,e (G5.1) = 3.  Note that 

N1,e(G5.1) ( N2,e(G5.1) = V(G5.1)

and

n1,e(G5.1) + n2,e(G5.1) = |V(G5.1)|

The latter two relations are properties of all molecular graph which do not possess odd-membered cycles (molecular graphs of alternant hydrocarbons).

For the molecular graph G5.2 we have n1,e = 13 and n2,e = 7, see Figure 5.1. Note that G5.2 possesses 10 vertices that do not belong to either N1,e(G5.2) or N2,e(G5.2). Such vertices are encountered in the case when the edge e belongs to an odd-membered cycle, hence in the case of graphs representing non-alternant molecules.

Note that

n1,e(G5.2) + n2,e(G5.2) < |V(G5.2)|

We are now prepared to formulate our main:

Definition 5.2. The Szeged index Sz(G) of the molecular graph G is equal to


[image: image3.wmf]å

Î

×

=

=

)

(

,

2

,

1

)

(

)

(

)

(

G

E

e

e

e

G

n

G

n

G

Sz

Sz






     (5.6)

where the summation goes over all edges of G. 

Examples

We now illustrate the calculation of the Szeged index, directly from its definition (5.6). We first do this on the example of 1,1,-dimethyl cyclopentane (G5.3), depicted in Figure 5.2.
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Figure 5.2. The molecular graph of 1,1-dimethyl,cyclopentane G5.3 and representatives of the special graphs: star SN , path PN , cycle CN  and complete graph KN  (here G5.4 = S8 , G5.5 = P7, G5.6 = C7 and G5.7 = K7).

First of all, notice that in G5.3 the edges e1 = (1,3) and e2 = (2,3) are symmetry-equivalent. Therefore the values of the products n1,e1(G5.3)n2,e1(G5.3) and n1,e2(G5.3)n2,e2(G5.3) will necessarily be equal. The same is true for the edge-pairs (3,4) and (3,7), as well as (4,5) and (6,7). Therefore, in actual calculations of Sz we need to determine the value of n1,e(G5.3)n2,e(G5.3) only for four edges. 

Nevertheless, here we examine all the seven edges of G5.3:


Edge
 N1


 N2


n1
n2 

(1,3)
{1}


{2,3,4,5,6,7}

1
6 

(2,3)
{2} 


{1,3,4,5,6,7}

1
6 

(3,4)
{1,2,3,7}

{4,5}


4
2

(3,7)
{1,2,3,4}

{6,7}


4
2 

(4,5)
{1,2,3,4}

{5,6}


4
2

(5,6)
{5}


{6}


1
1 

(6,7)
{5,6}


{1,2,3,7}

2
4 

Then application of formula (5.6) yields:

Sz(G5.3) = [1x6] + [1x6] + [4x2] + [4x2] + [4x2] + [1x1] + [2x4] = 45

As more advanced examples we now deduce the general formulas for the Szeged index of some special graphs, the most frequently occurring ones in graph theory; their structure is shown in Figure 5.2. In what follows N denotes the number of vertices.

The star SN  has N-1 edges that all are symmetry-equivalent. For each edge of SN  we have n1  = 1 and n2  = N-1. Therefore,

Sz(SN) =( N-1) x [(N-1) x 1] = (N-1)2




     (5.7)

The path PN has N-1 edges. On one side of the ith edges there are i vertices, on the other side there are N-i vertices, i=1, 2, ..., N-1. Therefore,
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     (5.8)

The cycle CN has N edges that all are symmetry-equivalent. If N is even, then for each edge of CN we have n1 = n2 = N/2; if N is odd, then n1 = n2 =(N-1)/2. 

Therefore, for even values of N,
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     (5.9)
whereas for odd values of N,
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   (5.10)

The complete graph KN has N(N-1)/2 edges that all are symmetry-equivalent. If e = (x,y) is an edge of KN  then N1 = {x} and N2 = {y}, implying n1 = n2 = 1. This is because every other vertex of KN  is on equal distance to both x and y, this distance, of course, being unity. Consequently,
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   (5.11)

* * * 

Because the Szeged index is intimately related to the Wiener index, we recall here that the Wiener index W(G) equals the sum of all topological distances in the graph (see eq 4.23)

At the first glance Definitions 1 and 2 look quite dissimilar. However, the following result is an immediate consequences of eqs (5.1) and (5.6).

Theorem 5.1. If G is a tree (i.e., a connected acyclic graph), then 

Sz(G) = W(G)







   (5.12)

Hence, in the case of molecular graphs of alkanes there is no difference between the Wiener and Szeged index and, as far the Szeged index is concerned, there is no need for any additional research. Therefore, in what follows we will be almost exclusively interested in the properties of the Szeged index of cycle-containing (molecular) graphs.

5.3. Further  Relations  between  Szeged  and  

Wiener  Indices

Examples show1 that in addition to trees there exist other graphs whose Szeged and Wiener indices coincide. [The simplest such example is the complete graph. Because the distance between any two vertices in KN is unity, W(KN) = number of edges of KN = N(N-1)/2. Above we have shown that Sz(KN) is also equal to N(N-1)/2.]

The problem of relation between Sz and W is basically resolved by the following result.2,3
Let K be the set of all connected graphs, all blocks of which are complete graphs. Recall that trees and complete graphs belong to K.

Theorem 5.2.

(a) Sz(G) = W(G) if and only if G ( K.

(b) If G is connected, but G ( K, then Sz(G) > W(G).


In Figure 5.3 are depicted examples of cycle-containing graphs for which Sz = W, that is graphs belonging to the class K.


[image: image9.wmf]
Figure 5.3. Examples of connected cycle-containing graphs, all blocks of which are complete graphs; for these the Szeged and Wiener indices coincide; only very few of these graphs (e.g., G5.10 and G5.11) are molecular graphs.


Because of Theorem 5.1 the trees with minimal and maximal Szeged indices are precisely those which have minimal and maximal Wiener indices. These latter trees are known for a long time46,47 and we state the respective result only for the sake of completeness. As before, let SN and PN be the N-vertex star and path, cf. Figure 5.2.

Theorem 5.3. If TN is an N-vertex tree, other than SN and PN, then 

Sz(SN) < Sz(TN) < Sz(PN)






   (5.13)


The connected unicyclic graphs with minimal and maximal SZ have been determined already in the first study of this quantity.1 Let SN+e be the graph obtained by adding one more edge to SN. Let CN be the N-vertex cycle and let 
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be the graph obtained by attaching a new vertex of degree one to some vertex of CN. 

Theorem 5.4.

(a) Let N be an odd number, greater than one. If UN is an N-vertex connected unicyclic graph, other than SN+e or 
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Sz(SN+e) < Sz(UN) < Sz(
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   (5.14)

(b) Let N be an even number, greater than two. If UN is an N-vertex connected unicyclic graph, other than SN+e or CN, then 

Sz(SN+e) < Sz(UN) < Sz(CN) 





   (5.15)

Analytical formulas for Sz of bicyclic graphs have been derived in terms of the length of the cycles and the length of their common part.31 Formulas for the connected bicyclic graphs withminimal and maximal Sz have been determined in.37 Let SN+e+f be the graph obtained by adding two nonadjacent edges to the star SN. Let XN and X'N be the N-vertex bicyclic graphs, the structure of which is shown in Figure 5.4.

Theorem 5.5. 

(a) Let N be an odd number, greater than five. If BN is an N-vertex connected bicyclic graph, other than SN  + e + f  or  XN, then 

Sz(SN  + e + f ) < Sz(BN) < Sz(XN)




   (5.16)



(b) Let N be an even number, greater than six. If BN is an N-vertex connected bicyclic graph, other than SN  + e + f  or X 'N , then 


Sz(SN  + e + f ) < Sz(BN) < Sz(X 'N)




   (5.17)
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Figure 5.4. Bicyclic and tricyclic graphs with maximal Szeged index.

In the work37 also formulas for N-vertex tricyclic graphs with minimal and maximal Sz value have been determined. The structure of tricyclic graphs with maximal Sz value is shown in Figure 5.4:  Sz(YN) is maximal in the case of even N, N ( 12, and Sz(Y 'N) is maximal if N is odd, N ( 13.

It should be noted that the extremal graphs depicted in Figure 5.4 have a completely different structure than the bicyclic graphs with maximal Wiener index.

It is easy to show1 that among connected N-vertex graphs and n-vertex bipartite graphs the complete graph KN and the star SN, respectively, have minimal Sz value. The analogous result holds also for the Wiener number. The N-vertex graph with maximal Sz value is, however, completely different than the N-vertex graph with maximal W value. (Recall that this latter graph is the path, PN.46) The following result was first conjectured by Klavžar et al.9 and then proven in a rigorous mathematical manner by Dobrynin.32 

Theorem 5.6. 

Among connected N-vertex graphs the complete bipartite graph48 KN / 2, N / 2 (if N is even) or K(N -1) /2 , (N +1) / 2 (if N is odd) has maximal Sz value.

We mention in passing that Sz(Ka,b) = a2b2.

* * * 

A number of profound and somewhat unexpected analogies between the Szeged and Wiener indices have been found. Of them we mention here only two. For those who are not interested in mathematical details (for which nobody can claim to be of great chemical significance), it will suffice to compare the forms of the relations (5.1) and (5.6).

Let C(h,k) be a class of connected bipartite graphs consisting of cycles of equal size, characterized as follows. Let k and h be positive integers. If h = 1, then the class C(1,k) consists of one element only, namely the cycle C2k+2. If h > 1,then every element of C(h,k) is a graph obtained by joining the endpoints of a path with 2k vertices to a pair of adjacent vertices of some graph from C(h-1,k).

It has been shown previously49 that if G' and G'' are graphs from the class C(h,k),then 

W(G' ) ( W(G'' ) (mod 2k2)





   (5.18)

To clarify: relation (5.18) means that the remainder after division of W(G' ) by 2k2 is equal to the remainder after division of W(G'' ) by 2k2. In other words, the difference W(G' ) - W(G '' ) is divisible by 2k2. 


A fully analogous result has been established for the Szeged index:4
Theorem 5.7. Let G' and G'' be arbitrary graphs from the class C(h,k). Then

Sz(G ' ) ( Sz(G '' ) (mod 2k2)





   (5.19)

Eventually, several generalizations and extensions of Theorem 5.7 have been put forward.11,20,28 In what follows we will pay particular attention to a special case of this theorem important in chemical applications.5 Namely in the case k = 2 some, but not all, elements of the class C(h,k) are molecular graphs of catacondensed benzenoid hydrocarbons50 with h hexagons. In fact, molecular graphs of all h-cyclic catacondensed benzenoid hydrocarbons belong to the class C(h,k). As a curiosity we mention that the below result was independently and practically simultaneously, but prior to the discovery of Theorem 5.7, obtained in Indore (India), Novosibirsk (Russia) and Szeged (Hungary) and was then published jointly in a single paper.5
Theorem 5.8. Let H' and H'' be the molecular graphs of two catacondensed benzenoid hydrocarbons with h hexagons. Then 

Sz(H' ) ( Sz(H '' ) (mod 8)




   (5.20)

or, what is the same, the difference Sz(H ' ) - Sz(H '') is divisible by 8. 

In Figure 5.5 are depicted three catacondensed benzenoid hydrocarbons with 4 hexagons. Their Szeged indices differ considerably: Sz(G5.12) = 1269, Sz(G5.13) = 1301, Sz(G5.14)) = 1381, but in accordance with Theorem 8, the remainder after division of both 

1269, 1301 and 1381 with 8 is 5.
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Figure 5.5. Isomeric catacondensed benzenoid systems with h = 4;

                  Sz(G5.12) = 1269, Sz(G5.13) = 1301, Sz(G5.14) = 1381.

Needless to say that a fully analogous modulo 8 regularity holds also for the Wiener indices of catacondensed benzenoids.51 The chemical meaning of such congruencies is obscure, but these certainly reflect some peculiar intrinsic symmetry in the distance-based properties of the underlying benzenoid molecules. An extension/generalization of Theorem 5.8 (and of its Wiener-number-counterpart) to pericondensed benzenoids50 has never been accomplished.

* * *

Let G and H be graphs with |V(G )| and |V(H )| vertices, respectively. Let G(H denote the Cartesian product of G and H. It is known that52,53 

W(G( H ) = |V(G )| 2 W(H ) + |V(H )| 2 W(G )


   (5.21)

For the Szeged index the analogous result reads:9
Theorem 5.9.

Sz(G( H) = |V(G )| 3 Sz(H ) + |V(H )| 3 Sz(G )



   (5.22)

Because the Cartesian product of graphs plays hardly any role in chemical graph theory, we skip here its definition (which, however, can be found elsewhere9,52,53) and only call the readers' attention to the intriguing parallelism between eqs (5.21) and (5.22).

In our opinion such close analogies between W and Sz in polycyclic graphs must have a deeper-lying cause. The discovery of this unifying principle remains a task for the future.

* * *
Concluding this section, in which the mathematical results pointing at concealed connections between Sz and W were outlined, we wish to note the following. When investigating the Szeged index, the strategy often is to try to prove properties of Sz analogous to known properties of W. Sometimes, however, the opposite direction of reasoning happened to be useful. For instance, it was noticed11,28 that some specific subgraphs of benzenoid graphs - those isomorphic to the linear polyacenes - play an important role in certain considerations of Sz.

Bearing this in mind, new results for the Wiener index of benzenoid hydrocarbons were recently obtained, in which W is expressed in terms of such subgraphs.54-56
5.4.  Methods  for  the  Calculation  of  the  Szeged Index

In the general case the Szeged index is computed by using its definition, eq 5.6. This means that for each edge e the sets N1,e and N2,e have to be found (eqs 5.2  and 5.3) and then the numbers n1,e and n2,e (eqs 5.4 and 5.5). For this we need to know the distance between any two vertices in the underlying molecular graph, cf. (5.2) and (5.3), that is the elements of the distance matrix (see Chap. 2).

In summary, the calculation of the Szeged index is done by the following steps: 

1. Determine the distance matrix of the molecular graph considered, i.e., find the distances between all pairs of its vertices. 

2. Choose an edge e. 

3. Construct the sets N1,e and N2,e  using their definition, eqs 5.2 and 5.3. 

4.Count the elements of N1,e and N2,e and thus determine n1,e and n2,e, eqs 5.4 and 5.5. 

5.Repeat Steps 3 & 4 consecutively for all edges of the molecular graph considered. 

6.Apply eq 5.6 and calculate Sz.

The distance matrix, required in Step 1, can be calculated by one of the several techniques developed in the theory of graphs and networks (see, for instance Chapters 11 and 12 in the book57). The algorithm for the calculation of Sz can always be designed in such a way that Step 3 is not explicitly performed; yet the elements of the sets N1 and N2 must somehow be recognized before they are counted in Step 4.

A general algorithm for the calculation of the Szeged index was put forward by Žerovnik.10 Chepoi and Klavžar showed17 that in the case of benzenoid hydrocarbons Sz can be obtained in linear time (with regard to the number of vertices). 

5.4.1. The Gutman-Klavžar Algorithm

A special algorithm for the calculation of the Szeged indices of the so-called Hamming graphs58 was designed by Gutman and Klavžar.7 For chemical applications, the fact that the molecular graphs of benzenoid hydrocarbons are Hamming graphs58 is particularly important. Thus we have a special, quite convenient and efficient, method for 

computing the Sz value of benzenoid systems.7 The Gutman-Klavžar algorithm was eventually quite successfully applied in the theory of the Szeged index.7,8,13,30,34
In order to formulate the Gutman-Klavžar algorithm (stated below as Theorem 5.10), we need some preparation.

Benzenoid systems are plane graphs representing benzenoid hydrocarbons.50 They are always considered as being embedded into the hexagonal (graphite) lattice. All their hexagons are regular, mutually congruent. A benzenoid system is always drawn so that some of its edges are vertical. Denote by B a benzenoid system and by N the number of its vertices. An elementary cut or elementary edge-cut of B is a straight line segment, passing through the centers of some edges of B, being orthogonal to these edges, and intersecting the perimeter of B exactly two times, so that at least one hexagon lies between these two intersection points. 

At this point some examples are purposeful. In Figure 5.6 are shown three elementary cuts of benzo[c]phenanthrene (G5.15) as well as all elementary cuts of anthracene (G5.16).
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Figure 5.6. Three elementary edge-cuts of benzo[c] phenanthrene (G5.15) and 

all elementary edge-cuts of anthracene (G5.16).

Let B be a benzenoid system, V(B) its vertex set and C one of its elementary cuts. Then C partitions the vertices of B into two non-empty classes N1(C;B) and N2(C;B), such that

N1(C;B) ( N2(C;B) = ( 





   (5.23)

N1(C;B) ( N2(C;B) = V(B)





   (5.24)

The elements of N1(C;B) are the vertices of B lying on one side of C, the elements of N2(C;B) are the vertices of B lying on the other side of C. In what follows it makes no difference which side of C corresponds to N1(C;B) and which to N2(C;B).

The number of elements of N1(C;B) and N2(C;B) are denoted by n1(C;B) and n2(C;B), respectively. The number of edges of B intersected by C is denoted by r(C;B).


For instance, in the case of the benzenoid system G5.15 and its elementary cuts C1, C2 and C3, depicted in Figure 5.6, we have:

N1(C1;G5.15) = {1,2,3}

N2(C1;G5.15) = {4,5,6,7,8,9,10,11,12,13,14,15,16,17,18} 

N1(C2;G5.15) = {1,2,3,4,10,11,12,13,14,15,16,17,18} 

N2(C2;G5.15) = {4,5,6,7,8,9}

N1(C3;G5.15) = {12,13,14}

N2(C3;G5.15) = {1,2,3,4,5,6,7,8,9,10,11,14,15,16,17,18}

and further

	n1(C1;G5.15) =   3
	n2(C1;G5.15) = 15
	r(C1;G5.15) = 2

	n1(C2;G5.15) = 13
	n2(C2;G5.15) =   5
	r(C2;G5.15) = 3

	n1(C3;G5.15) =   3
	n2(C3;G5.15) = 15
	r(C3;G5.15) = 2


We are now prepared to describe the Gutman-Klavžar algorithm.7

Theorem 5.10. The Szeged index of a benzenoid system B can be calculated by means of the formula

Sz(B) =
[image: image16.wmf]å

C

r

(C;B)n1(C;B)n2(C;B)




   (5.25)

in which the summation embraces all elementary cuts of B.

The advantage of eq 5.25 over eq 5.6 is that there are much fewer elementary cuts than edges, especially in the case of large benzenoid systems. Consequently, the right-hand side of (5.25) contains much fewer summands than the right-hand side of (5.6). In practical applications of formula (5.25) it is not necessary to calculate both n1(C;B) and n2(C;B). 

Namely the sum n1(C;B) + n2(C;B) is independent of the elementary cut C and is equal to the number N of vertices of B. Hence, if we know n1(C;B), then we calculate n2(C;B) as N - n1(C;B); in this case it is reasonable that n1(C;B) is chosen to be the smallest among n1(C;B), n2(C;B).

We illustrate the Gutman-Klavžar algorithm on the example of the anthracene graph G5.16, see Figure 5.6. The anthracene graph has 14 vertices, 16 edges, but only seven elementary cuts. By direct counting we get:

	n1(C1;G5.16) = 3
	n2(C1;G5.16) = 14-3 = 11
	r(C1;G5.16) = 2

	n1(C2;G5.16) = 3
	n2(C2;G5.16) = 14-3 = 11
	r(C2;G5.16) = 2

	n1(C3;G5.16) = 7

	n2(C3;G5.16) = 14-7 =  7
	r(C3;G5.16) = 2

	n1(C4;G5.16) = 7
	n2(C4;G5.16) = 14-7 =  7
	r(C4;G5.16) = 2

	n1(C5;G5.16) = 3

	n2(C5;G5.16) = 14-3 = 11
	r(C5;G5.16) = 2

	n1(C6;G5.16) = 3
	n2(C6;G5.16) = 14-3 = 11
	r(C6;G5.16) = 2

	n1(C7;G5.16) = 7

	n2(C7;G5.16) = 17-7 =  7
	r(C7;G5.16) = 7


Direct application of eq 5.25 yields then

       Sz(G5.16)=[2x3x11]+[2x3x11]+[2x7x7]+[2x7x7]+[2x3x11]+[2x3x11]+[4x7x7]= 656 

The calculation in the above example was performed without using the symmetry of the molecule considered. This symmetry causes that numerous summands are mutually equal. Needless to say that by taking into account molecular symmetry the algorithm additionally gains on efficiency and simplicity. 

By means of the Gutman-Klavžar algorithm general expressions for the Szeged index of a large number of homologous series of benzenoid hydrocarbons could be determined.7-9,13 Four such expressions, pertaining to the benzenoid systems depicted in Figure 5.7 are given below:

Sz(Lk) = 
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Sz(Hk) = 
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Sz(Qk) = 
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Sz(Tk) = 
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Figure 5.7. Some highly symmetric homologous series of benzenoid systems, 

k = 1,2,3,..., .

Elementary cuts in benzenoid systems have found several other applications in the theoretical chemistry of benzenoid hydrocarbons: in studies concerned with Kekule structures,59 Wiener indices60-64, hyper-Wiener indices64,65 and elsewhere.66
* * * 

An attempt to use the symmetry of a (molecular) graph in order to facilitate the calculation of its Sz value were communicated by Žerovnik.36 Expressions for the Szeged index of some highly symmetric graphs were earlier deduced by Klavžar et al.9 However, no  complete  and  practically  applicable  approach,  which  would  enable the systematic
exploitation of molecular symmetry (or more precisely: of the automorphism group of the underlying molecular graph) in the theory of the Szeged index is available at the present moment. 

5.5 Extensions:  Szeged  Matrices,  Hyper-Szeged 

and  Harary-Szeged  Indices

Diudea was the first to recognize16 that the right-hand side of eqs 5.2 and 5.3 are well-defined also in the case when the vertices i and j are not adjacent. The same applies to n1 and n2 eqs 5.4 and 5.5. Consequently, the quantity

nij = nij(G)=| {v|v in V(G) , dv,j < dv,j}| ;  (i,j) ( P(G)


   (5.30)

can be viewed as the (ij)-entry of some square matrix of order N. In addition, nij = 0 whenever i = j.

In words: nij is the number of vertices of the graph G lying closer to vertex i than to vertex j.

Three so-called Szeged matrices have been defined (see Sect. 2.8):16,21,27,38

the unsymmetric Szeged matrix
[USZ]ij = nij






   (5.31)

the full symmetric Szeged matrix 

[SZp] = nij nji






   (5.32)

and the sparse symmetric Szeged matrix
[SZe]ij = [A]ij nij nji





   (5.33)

where [A]ij is the (ij)-element of the adjacency matrix (see Chap. 2). The corresponding detour-Szeged matrices were also defined (see Sect. 2.8). 

Evidently, the sum of the elements of the upper (or lower) triangle of SZe is just the Szeged index Sz. The analogous sum of the elements of SZp has been named21,26,38 the hyper-Szeged index, symbolized in this book by IP(SZD). A few more graph invariants based on or related to the Szeged matrices have been put forward.15,35,38
The theory of the Szeged matrices, the hyper-Szeged and Harary-Szeged indices is presently at a very early stage of development. Table 5.1 lists some formulas15 for calculating these indices in paths, cycles and stars.

Table 5.1. Formulas for Hyper-Szeged IP(SZD) and Harary-Szeged IP(RSZD) Indices 

in Paths, Cycles and Stars

	
	Index
	Formula / Examples

	Paths

	1
	IP(SZD)
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5.6.  Chemical  Applications  of  the  Szeged  Index

When speaking of the chemical applications of the Szeged index one has first to recall that the Wiener index has found numerous such applications, outlined elsewhere in this book and in a number of reviews.67 Namely, the Wiener index is correlated with a large number of physico-chemical properties of organic molecules. This is especially the case for alkanes, whose molecular graphs are trees. Since in the case of trees the Wiener and the Szeged index coincide, all studies on the possible chemical applications of Sz had to be done on cyclic molecules. 

Unicyclic molecules are the obvious first target for such studies. For them, it has been shown that Sz and W depend on molecular structure in a remarkably similar manner.12,18 Systematic numerical testing14,24,25 revealed that the correlations between Sz and various physico-chemical properties of monocycloalkanes are of comparable, sometimes slightly inferior, quality as the analogous correlations with W.

The Sz and W values of benzenoid molecules were also found to be well correlated,8,13,19 yet for very large benzenoids this correlation is curvilinear.13 This means that also for this class of polycyclic molecules the structural information contained in Sz is quite similar to that contained in W.

In conclusion: No convincing example of a chemical application of the Szeged index has been discovered so far, in which the Szeged index would yield reasonably better results than the Wiener index. In view of the relatively small number of classes of molecules examined (only monocycloalkanes and benzenoid hydrocarbons), this pessimistic conclusion needs not be taken as something absolute. On the other hand, bearing in mind the numerous mathematical relations between Sz and W (outlined in due detail above), finding cases where the Szeged index is significantly more suitable for modeling physico-chemical or pharmacological properties of organic compounds than the Wiener index should be considered as a kind of surprise. 
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