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Abstract

The investigation of structural graphs has many fields of applications in
engineering, especially in applied sciences like as applied chemistry and physics,
computer sciences and automation, electronics and telecommunication.

The main subject of the paper is to express fragmentation criteria in graph using
a new method of investigation: terminal paths. Using terminal paths are defined most
of the fragmentation criteria that are in use in molecular topology, but the fields of
applications are more generally than that, as | mentioned before.

Graphical examples of fragmentation are given for every fragmentation criteria.
Note that all fragmentation is made with a computer program that implements a
routine for every criterion.[1]

A web routine for tracing all terminal paths in graph can be found at the address:
http://vl.academicdirect.ro/molecular_topology/tpaths/.
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1. Introduction

The fragmentation of structural graphs has various applications, starting from electric
circuits and internet routing and ending with computational chemistry and molecular
topology.

Partitioning of graph in classes of vertices may be done din in different ways [2,3].
The most frequently used discriminating criteria are well-known square matrices that collect
contributions of pairs of vertices from the graph. The adjacency matrix is the simplest matrix
of this type.

Some authors use characteristic polynomial and its eigenvalue to characterize a given
graph [4].

The sequence of eigenvalues forms the graph spectrum [5]. A basic result in spectral
geometry is the theorem of Cheng [6].

Let us consider a sequence matrix. It is of dimension nx(n-1), where n is the number
of vertices.

Such a matrix can be used to compare different graphs (interstructural similarity),
when analyzing the columns of sequence matrices, the sums by columns or global sums
(generic indices) [7].

It is also possible to compare the vertices of a graph (intrastructural similarity), when
analyzing the rows of sequence matrices and the sums by rows [8,9]. With this observation, a
sequence matrix is an elegant method to investigate graphs [10].

Note that the ordering of graph vertices by using sequence matrices is of a partially
ordered type [11,12].

Prior, Dobrynin reported the degeneracy of some sequence matrices [13,14].
Decomposition of graphs into congruent factors has interesting chemical implications [15,16].
Dobrynin [17] and Diudea [18,19] reported distance degree sequences (DPS in our notation)
and their chemical applications.

The path sequence matrix (APS in our notation) is calculated in order to study

molecular similarity [20].
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2. Terminal Paths

Let G = (V, E) be an un-oriented graph. We are note the set of all paths in G with
P(G). The distance from i to j in G is d(G);;j and detour is 8(G);;. For p € P(G), I(p) denotes
the length of path p.

t = (Vi)1<i<n 1S Named terminal path if:
vie V,t e P(G) and 1)
Vv e Vs. th. (v, V) € Ethentu (vq, v) ¢ P(G)

The set of terminal paths in G is T(G) = (T(G)y)vev Where T(G); is:

| T(G)i = {t = (Vi)1<in S. th. v = i and t terminal path} \ (2)

Note that if G = (V, E) is a connected graph,then Vv e V,Ve e EJt e T(G),s. th.
e c t. Thus, any connected graph can be reconstructed from the terminal path list starting
from an arbitrary vertex.

Also, V i, j € V, T(G);j can be constructed from T(G);. Consequently, the sets of
terminal paths T(G),, v € V are equivalent by construction.

For exemplification of terminal paths, let us consider the graph G from fig. 1:

3
1// \6
Y
2\\4/7\8

Fig. 1. Graph G
G=(V.B;Vv={1..,8sE={(12),(13).(24),3,5).3,6) (45),(47).(67),(78)}

All terminal paths starting from vertex 1 are computed using graph G from figure 1
and definitions (1) and (2). The solution is:

T(G):1={{1,2,4,53,6,7,8}{1,2,4,7,8}{1,2,4,7,6, 3,5},
{1,3,6,7,8},{1,3,6,7,4,2},{1,3,6,7, 4,5},

{1,3,5,4,7,6},{1,3,5,4,7,8}{1,3,5,4, 2} )

Note that according to definition (1) and (2), T(G) < P(G) for any graph G.
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3. Graph Partitioning in Sets

Let G = (V, E) be a connected graph and i, j € V two vertices. Let p € P(G);; a path

fromitojinG.

Clijp={k:k e V}isnamed CJsetof ivs. jand pif:
d(G)ki < d(G)«;
3qePyis.th.png={i}

(4)

The set of sets of vertices CJS;j = {ClJi;,: peP(G)i;} are named set of CJ sets of i vs. .

CJDiijp = {k : k € V} is named CJDi set of i vs. j and p if:
CJDiijp € CJSjj
I(p) = d(G)i;

(5)

The set of sets of vertices CIDiS;j = {CJDiijp : p € P(G)i;} are named set of CJDi sets

of ivs. .

ClDeijp = {k | k € V} is named CJDe set of i vs. j and p if:
C.]Dii,j'p € CJSi,j
I(p) = 3(G);,

(6)

The set of sets of vertices CIDeS;; = {CJDeij, | p € P(G)i;} are named set of CIDe
sets of i vs. j. CIDIM;; = {s : s € CIDIS;;} is named CJIDi™ set of i vs. j if I(s) = max{ |cjdi| :
cjdi e CIDIS;;}. CIDe™;; = {s : s € CJDeS;;} is named CJDe" set of i vs. j if I(s) = max{

Icjde]| : cjde € CJDeS;;}. The sets CJDi can be constructed as follows:

CJDiijp = &; CIDijip=
For (v=1;v<|V|; vt++t)
If (d(G)vi < d(G)v ) and (3p* € P(G)vi s.th. p' ~p =={i})
then CJDi;j,= CJDijjp v {V};
EndIf;
If (d(G)v; < d(G)v) and (3p* € P(G)y; s.th. p' v p == {j})
then CJDij;p= CJDijjip v {V};
EndIf;
EndFor;

(7)
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Note that the algorithm (7) can be applied for any distance operator in place of d(:),
such as detour operator 8(:).

Through CJ sets there exist inclusions relations:

| CIDISM;; = CIDIS;; = CJS;; and CIDeSM;; = CIDeS;;  CJS;i; | (8)

that are obviously from the definitions (4)-(6). Figurative, inclusions are:

CJDiSMi,i CJDeSMi,i
CJDlS,l C\]DeSi,i

CJS;

Fig. 2. Inclusions relations in CJ sets

Note that in generally the sets CIDiSM;;, CIDIS;;, CJS;;, CJDeS", CJDeSM;; are not
distinct; more, in trees the sets are equals.
To prove that the sets CIDiS™;;, CIDIiS;;, CJS;;, CIDeS", CIDeS™;; are not banal, let’s
apply the algorithm (7) to construct sets for graph G from fig. 1.
Following example shows that sets CIDiS™ and CIDeS™ are not identically:
CIDISM, = {Cliopa}; Ciapzy = {1, 3, 6, 8}
CIDISM;1 = {Clhippa}; Coipzay = {2, 4, 7}
CIDeSM1, = {Cliapssraat; Clizmasraz = {1}
CIDeS1, = {Clh1 247631} Clorparesy = {2}
and graphical representation of them are in fig. 3:

Fig. 3. CJDi and CJDe sets for vertices 1 and 2 and graph G from fig. 1

The following example shows that CJDe sets are not included in CJDi sets:
CIDISM s = {Clagurse1}; Claspares = {1, 2, 4, 5}
CIDiSMs 4 = {Clsas.67.41}; Clsase7.41 = {8}
CJDeSM, g = {Claga21368} Clagaz1368 = {4, 5, 7}
CIDeSMg 4 = {Clsass3124}; Claasesiza = {8}
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and graphical representation of them are in fig. 4:

The following example shows that sets CIDiS™ can contain more than one set:
CIDISMo s = {Clos2a768 = {1, 2, 5}, Clag o368 = {4 2, 53}

CJIDISMg» = {Cls 286312 » Cls2se312}; Clezsesiz = Clsapseraz = {8}

and graphical representation of them are in fig. 5:

Fig. 5. CIDiyg 247681 and CJDiy g 21368) Sets of graph G from fig. 1

4. Gp Subgraph

Letp=(i=vy, ..., i) =]) € P(G) a path starting from vertex i and ending in vertex j.

The G, subgraph of graph G and path p is defined by:

Gp = (Vp, Ep),
Vo={veV:vepijl}
Ep={e=(eaen) € E:es e & p\i,j}}

©)

Note that G, subgraph associated of graph G and path p is not necessary a connected

subgraf, even if G is a connected graph. More, if G is a tree, G, has at least two connected

components.

For path p = [1, 3, 5, 4, 7] and graph G from fig. 1 the graph Gp1, 35,4, 71 = G\[1, 3, 5, 4,

7] is not a connected graph. G, has two connected components: [1, 2] and [7, 6, 8]. Also, from

original graph G, p\{1,7} is also a connected component. Using comparison operator <

between graphs is obviously that G, U p < G. In fig. 6 are graphically represented the

components of G by path p:
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2 7 7 2 7
1 6 8 1 3 3 1 6 8

Fig. 6. Graph G, path p = [1, 3, 5, 4, 7], path p\{1, 7} = [3, 5, 4] and subgraph G,
Gp=(Vp, Ep), Vp={1,2,6,7,8} E; ={(1,2), (6, 7), (6, 8)}

Note that G = G, U p U [2, 4] U [3, 6].

3. Graph Partitioning in Fragments

Let G = (V, E) be a connected graph and i, j € V two vertices. Let p € P(G);; a path

fromitojinG.

CFijp={k : k € V} is named CF fragment of i vs. j and p if:

(10)
d(Gp)ki < d(Gp)x,

where subgraph Gy, is obtained from graph G and path p according to definition (9).

Note that in definition (10) is used term of fragment for CF;;,. Indeed, CF;j, is an
fragment, a connected set of vertices from graph G.

The set of sets of vertices CFS;; = {CFi;p: p € P(G)i;} are named set of CF sets of i

VS. J.
More, in CFS;;, fragment, there exist the relation:
| VkeCFSijp, 3qeP(Gp)k.i path from k to i in G, s. th. g~p = {i} \ (11)
Similar to definitions (5) and (6), CFDi and CFDe fragments are defined:
CFDiijp={k : keV} is named CFDi fragment of i vs. j and p if:
CFDijp € CFSjj (12)
I(p) = d(Gp)ij
The fragments set CFDiS;j = {CFDiijp : p € P(G);;} are named set of CFDi fragments
of ivs. .
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CFDejjp={k : keV} is named CFDe fragment of i vs. j and p
if: (13)
CFDe;jp € CFSij

I(p) = 3(Gp)ij

The fragments set CFDeS;; = {CFDe;;, : peP(G)i;} are named set of CFDe fragments
of i vs. ]. CFDiMi,,- = {f: f € CFDiS;;} is named CFDi™ fragment of i vs. j if I(f) = max{ |cfdi|
: cfdi € CFDIS;;}. CFDe™;; = {f : f ¢ CFDeS;;} is named CFDe" set of i vs. j if I(f) = max{
|cfde| : cfde € CFDeS;;}. The sets CFDi can be constructed as follows:

CFDi;jp= &; CFDijip= &,
For (v=1;v <|V|; v++)
If (d(Gp)vi < d(Gy)v;) then CFDiijp U= {v}; EndIf; (14)
If (d(Gp)v; < d(Gp)vi) then CFDij;, U= {v}; EndIf;
EndFor;

Note that the algorithm (14) can be applied for any distance operator in place of d(:),
such as detour operator 6(:).
Based on construction (14) the sets CFDi are always fragments. Through CF sets it

exist inclusions relations:

CFDis™;; c CFDiS;; c CFS;; and
CFDGSM” c CFDeS;j c CFS;jj

(15)

that are obviously from the definitions (11)-(13). Figurative, inclusions are:

CFDiSMi,i CFDESMH
CFDiS;,; CFDeS;

CFS;;

Fig. 7. Inclusions relations for CF sets

Note that in generally the sets CF are not distinct. In trees are even equals.
To prove that the sets CFDiS™;;, CFDIS;;, CFS;;, CFDeS", CFDeS™;; are not banal,
let’s apply the algorithm (14) to construct sets for graph G from fig. 1.
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Following example shows that sets CFDiS™ and CFDeS™ are not identically:
CFDiSM1, = {CFi21.2}; CFi2112 = {1, 3, 6, 8}
CFDiSM,1 = {CFa12.11}; CFonpen = {2, 4, 7}
CFDeSMl,z = {CF12p136742} CF12[1367421 = {1}
CFDeSM,, = {CF21247631}; CF21247631 = {2}
and graphical representation of them are in fig. 3:

CFDeSM;5 = {CFusg 221368} CFaga21368 ={4,5 7}
CFDiSMs 4 = {CFs 48574} = {{8}} = {CFsu8531241} = CFDeS"s4
and fragments are depicted in fig. 9:

CF7117421=1{6,7,8}; CFr17631 = {4, 5, 7}
and graphical representation of them are in fig. 10:
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The Szeged (SzDi) fragments are defined by:

SzDii; = {k : k € V} is named SzDi fragment of i vs. j if:
d(G)ki < d(G)x;

(16)

The SzDi sets are connected subgraphs (fragments). Looking at (5) and (16)

definitions, is easy to observe that:

| CJDIi c SzDi, | (17)

and also:

[ CFDi ¢ SzDi, | (18)

The following construction collects the fragments SzDi for all i and j pairs of vertices:

For (i=1;i<|X]|; i++)
For =i+ 1;j<[X]; j++)
SzDi;:= J; SzDij; = O,
For (v=1; v<|X|; v++)
dvi = maxint; dvj = maxint;
For (ct € T(G)\)
For (k = 1; k <ct[0]; k++)
If (ct[k] == i) and (dvi > k) then dvi = k; EndlIf;
If (ct[k] ==j) and (dvj > k) then dvj = k; EndlIf;
EndFor;
EndFor;
If dvi > dvj then SzDi;; U= {v}; EndIf;
If dvi > dvj then SzDi;; u= {v}; EndIf;
EndFor;
EndFor;
EndFor;

(19)

A graphical example of SzDi fragments for vertices 2 and 6 and graph G from fig. 1 is

depicted in fig. 11:
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1 & 8

Fig. 11. SzDi, ¢ and SzDig » fragments of graph G from fig. 1
Like CJ and CF, SzDe sets can be defined as:

SzDijj = {k : k € V} is named SzDe set of i vs. J if:
8(G)ki < 8(G)x,

(20)

SzDe sets are not fragments (connected subgraphs). An example is depicted in fig. 12:

1 & 8

Fig. 12. SzDe, s = {2,3} and SzDes , = {4, 6, 8} sets for graph G from fig. 1

4. A Comparison between Graph Partitioning Methods

Let us to consider the graph from fig. 13. If CFDi, CJDi and SzDi partitioning

methods are applied for graph G from fig. 13 and (1,4) pair of vertices, we have:

SZDi1,4 = {1, 2, 9, 10}, SZDi4Yl = {3, 4, 5, 6, 7, 8}

10—1 10—1 10—1 10—1
] | [ |1
9 2 9 2 9 2 9 2
I | [ I 1
8—3 8—3 8—3 8—3
I 1 I I |
74 74 74 74
] ] I 1]
6—5 6—5 6—5 6—5

Fig. 13. Graph G = (V, E); V = {1, ..., 10}; E = {(i, i+1) : 1 <i <10} L {(10, 1), (8, 3)} and

vvvvvvvvvvvvvvvvvvvv
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From fig. 13, some conclusions are immediate:

Let us consider another two fragmentation methods, the minimal set that contain i

vertex and not contain j vertex Ml;j:

[ M1 = {i} (21)

and maximal set that contain i vertex and not contain j vertex:

| MA; = G\{j} (22)

Some interesting properties are also available now:

MlI;; is a set that is contained in all sets generated for (i,j) pair of vertices:

| Mli,i C CJi'i,p; M|i,j C CFi'j,p; M|i,j C SZi'i (23)

MA,; it contain all fragments generated for (i,j) pair of vertices:

| CJi,i,p . MAi,i; CFi'iyp ) MAiﬁi; SZiyi D MAi,i (24)

The inclusions and intersections of sets are depicted in fig. 14:

Fig. 14. Inclusions between MI, CJ, CF, SZ and MA sets
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5. Graph Edges Coloring

The edges of a graph can be colored depending on which fragment are included. To
apply the coloring process, is necessary to decompose the graph into connected fragments.
From presented methods, connected subgraphs are obtained for CFDi, CFDe and SzDi
criteria.

The CFDi criterion partition a graph G for a pair of vertices (i, j) into four regions:

e region of i’s belonging versus j, that is CFDii j p;

e region of j’s belonging versus i, that is CFDij,; p;

e the path p\{i, j};

o indifferent region G\{p\{i, j} u CFDii;, v CFDij,;p}

An important observation is that first three regions are connected sets of vertices
(fragments) and last one (indifferent region) it can be a disconnected subgraph.

In fig. 15 are depicted partitioning of graph G from fig. 1 into four regions:

, 7¢N 7 , | 4 7
5 5
1 3~ 2 8 1 3 8 8
Fig. 15. Graph G from fig. 1 edges coloring in two cases: (3, 6) and (3,4) pairs of vertices
yellow: CFDi;; turquoise: CFDi;;; Billk: p\{i, j}; I8l: rest;

The fragments from fig. 15 are:

CFDisg 3¢ = [1,2,3,5]; CFDig 363 = [6,7,8];
CFDis 4354 = [1,3,6,8]; CFDigz 53 = [2.4,7];

Note that for (3,4) pair of vertices, the remaining zone of graph, {(1, 2, 6, 7), (1, 2), (6,
7)} are not connected one.

With a similar deduction, The CFDe criterion partition a graph G for a pair of vertices
(i, j) into four regions:

e region of i’s belonging versus j, that is CFDe;j p;

e region of j’s belonging versus i, that is CFDe;;; p;

e the path p\{i, j};

o indifferent region G\{p\{i, j} U CFDe;;, v CFDej;iy}
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An important observation is that first three regions are connected sets of vertices
(fragments) and last one (indifferent region) it can be a disconnected subgraph.

In fig. 16 are depicted partitioning of graph G from fig. 1 into four regions:

Fig. 16. Graph G from fig. 1 edges coloring in two cases: (3, 6) and (3,4) pairs of vertices
yellow: CFDe;j; turquoise: CFDe;;; BiliK: p\{i, j}; I8l: rest;

The fragments from fig. 16 are:

Note that for (3,4) pair of vertices, the remaining zone of graph, {(1, 2, 6, 7), (1, 2), (6,
7)} are not connected one.
With a similar deduction, The SzDi criterion partition a graph G for a pair of vertices
(i, ) into three regions:
e region of i’s belonging versus j, that is CFDe; j p;
e region of j’s belonging versus i, that is CFDe;;; p;
o the equidistant region {k : d(k,i) = d(k,j)}.
An important observation is that first two regions are connected sets of vertices
(fragments) and last one (equidistant region) it can be a disconnected subgraph.
In fig. 17 are depicted partitioning of graph G from fig. 1 into three regions:
) 7¢N . ) | 4 :
5 5
1 3~ 8 8 1 3 8 8
Fig. 17. Graph G from fig. 1 edges coloring in two cases: (3, 6) and (3,4) pairs of vertices
yellow: CFDe;;; turquoise: CFDe;;;; B8 equidistant region {k : d(k,i) = d(k,j)};

The fragments from fig. 17 are:
SzDisg = [1,2,3,5]; SzDig3 = [6,7,8];
SzDi34 = [1,3,6,8]; SzDis3 = [2,4,7];

32



<® Leonardo Electronic Journal of Practices and Technologies Issue 1, July-December 2002
ISSN 1583-1078 p. 19-36

6. Theoretical Results (Theorems)

Theorem 1. CF is a fragment.
Vi, jeV, peP(G)jpathin G fromito j then F;;, fragment

Demonstration:

Fig. 18. Auxiliary construction for theorem 1 demonstration

Letv € CFijp. Then:

(Case 1) d(Gp)v,i < o, d(Gp)v,j = oo and respectively

(Case2) d(Gp)vi <0, d(Gp)v; < o0, d(Gp)v,i < d(Gp)v;

(Case 1, demonstration):

d(Gp)v,i <o = 3py,i € P(Gp)v,i (P(Gp)ki= D). Letk € pvi = 3pki € P(Gp)xi (Pxi< Pv,i) =

| d(Gp)ki< % = Ipvke P(Gpuk (Puk = Pv,) | (25)

If d(Gp)kj < 0 = Ipkj € P(Gp)kj (P(Cp)kj # D). Let Wyj= pvk U Pkjs Wyj € W(Gp)vj (W(GPp)y,
# J) = d(Gp)v,; < 1(pvk) + 1(pkj) < oo contradiction with d(Gp)yj= o =

| d(Gp)ij= o | (26)

From (25) and (26) = k € CFijp = pv,< CFijp = v connected with i in CFi;p =

| CFij, connected | (27)

(Case 2, demonstration):
d(Gp)v,i < o0 = Fpyi € P(Gp)v,i s. th. I(py,i) = min{l(q), g € P(Gp)v.i} (P(Gp)v.i = F; I(pv,i) =
d(Gp)v,). Letk € pyi=

| 3 pui € P(Gpki (Pi < Pvii) » 3Pvik € P(Gp)vk (Puk < Pui) | (28)

Because a geodesic path can contain only geodesic paths, from (28) it results:

I(px.i) = d(Gp)ki, 1(pvk) = d(Gp)vk , 1(pv,i) = 1(Pvi) + 1(Pki) = d(Gp)v.i = d(Gp)vk + d(Gp)i
d(Gp)v,j < d(Gp)vk *+ d(Gp)k, (d(Gp) a metric); (28) = d(Gp)v,j —d(Gp)v.i < d(Gp)kj— d(Gp)xi
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d(Gp)k,i < d(Gp)kJ‘ =>ke CFi,j,p = Pv,iCS CFi,j,p =

| v connected with i in CF;j, = CF;, connected \ (29)

From (27) and (29) it result that CF;, is a connected subgraph (g.e.d.).

Theorem 2. SzDi is a fragment.
Vi, j € V then SZDi;; fragment

Demonstration:
Letv € SZDijj. Then d(G)y,i < o0, d(G)y,j< o, d(G)v,i < d(G)v,j (G connected graph).

From d(G)v; < o = 3py;i € P(G)v; s. th. I(py;) = min{l(q), ge P(G)v} (P(G)vi# &
I(pv,i) = d(G)v,))- Letk € pyi=

| 3 pki € P(G)ki (Pxi < Pv.i) , IPvk € P(C)vk (Pvk < Pv.i) ‘ (30)

Because a geodesic path can contain only geodesic paths, from (28) it results:
1(Pki) = d(Gxi, I(pvi) = d(G)vic, 1(pv,) = 1(Pv) + (ki) = d(G)vi = d(G)vc + d(C)x,
d(G)v,j< d(G)vx + d(G)k; (d(G) a metric); (30) = d(G)vj— d(G)v,i < d(G)kj— d(C)xii

Because d(G)y,i < d(G)vj = 0 < d(G)y;~d(G)y,i < d(G)xj—d(G)k; and then
d(G)k,i< d(G)xj = k € SzDi;j= py,ic SzDi;j = v connected with i in SzDi;; =

SzDi;j connected subgraph (g.e.d.).

Theorem 3. CJDi sets are contained in SzDi fragments.
CJDiijp < SzDijj

Demonstration:

Let v e CJDijjp. According to definition of CJDi set,

[ d(G)vi < d(G)y; | (31)

This is (according to the definition of SzDi fragment) a necessary and enough such

that v e SzDiijp. From here, it result immediately that CJDi;;, < SzDi;j (q.e.d.).
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